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SUMMARY 
The stress-strain behavior of soils is a complex phenomenon for 
which a single reliable mathematical model has not been developed,, The 
complexity arises from the considerable variations in physical proper­
ties that a given soil will exhibit under environmental changes as well 
as from the variations in the physical properties of different soils. 
Another complicating factor is that the behavior of the soil may vary 
from that of an elastic solid to that of a viscous fluid depending on the 
soil type and the stress system. Several different mathematical models 
have been proposed to describe the behavior of the soil under different 
conditions of stress application. The models are generally extensions 
of existing models used to define elastic, plastic, or viscoelastic 
behavior. 
The present investigation was concerned with the development of 
a mathematical model to represent the stress-strain behavior of a cohe-
sionless soil subjected to static first loading. The theory of elasticity 
was used as the basis for the model. The present solutions used in the 
elastic analysis of soil behavior are written in terms of Young's modulus 
and Poisson's ratio, which are assumed to be constant for a given soil. 
The method used in the investigation was to use stress-dependent bulk 
and shear moduli to define the behavior of the soil. The justification 
for adopting this method was that the stress-strain relationship under 
first loading is non-linear, and that the bulk and shear moduli are more 
readily related to the stress system and better characterize the behavior 
xiii 
of soil. 
An investigation of the variation in bulk and shear moduli with 
soil properties and the stress system was carried out for a micaceous, 
medium, uniform sand known locally as the Chattahoochee river sand. 
The bulk modulus was investigated using isotropic compression 
tests in a triaxial cell. The results indicated that for a given ini­
tial relative density the bulk modulus could be related to the octa­
hedral normal stress over a specified stress range by an equation of 
the form: 
K = A + md (1) o v 
in which K is the bulk modulus, d is the octahedral normal stress, 
' o ' 
and A and m are constants which are functions of the soil. Two 
such equations were used to relate the bulk modulus and the octahedral 
normal stress over a stress range of 0 to 100 lbs. per sq,, in. The con­
stants A and m were empirically related to the relative density of 
the soil. 
Constant octahedral normal stress triaxial compression tests were 
used to investigate the variation in shear modulus with stress level 
and soil properties., The results of the tests indicated that the shear 
modulus could be related to the octahedral normal stress and the octa­
hedral shear stress by an equation of the forms 
G = G (1 - b t ) 2 (2) 
O v 0 v 
in which G is the shear modulus, G q is the initial tangent shear 
modulus corresponding to zero octahedral shear stress, t q is the, 
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octahedral shear stress and b is a parameter that is a function of the 
octahedral normal stress and the relative density of the soil. The ini­
tial tangent shear modulus is also a function of the octahedral normal 
stress and the relative density of the soil. Equation (2) is a deriva­
tive of the two parameter rectangular hyperbolic function proposed by 
R. L. Kondner for relating stress and strain. 
The concept of using stress-dependent bulk and shear moduli was 
extended to the solution of the deflection under a uniformly loaded cir­
cular area on the surface of a semi-infinite mass. The existing deflec­
tion equation based' on the Boussinesq stress distribution theory and 
expressed in terms of Young's modulus and Poisson's ratio, was rewritten 
in terms of the bulk and shear moduli as indicated by equation (3): 
w = pa z 
x + 3K - 2G 
1 . , 2(3K+G) 1 - cos a rrr Sin a + r£ <- : 2G 3K sin a (3) 
in which is the deflection of a point at a depth z from the sur­
face, p is the uniform load intensity acting on the surface, "a" is 
the radius of the circular area, and a is the inverse tangent of a/z. 
The equation is applicable only to points along the vertical axis of sym­
metry. 
To obtain the solution for the deflection at the surface, the soil 
was treated as a multi-layered system with each layer having a bulk and 
shear modulus in accordance with the average stress system in the layer. 
The stress distribution in the soil was approximated by use of the Boussi­
nesq stress distribution theory. The relationships established by the 
laboratory tests were used to define the bulk and shear moduli of each 
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of the layers of the multi-layered system. The compression of each 
layer was computed for a specified surface load intensity and the com­
pressions were summed up to obtain the deflection at the surface. A 
computer program was developed for computing the stresses, the associated 
bulk and shear moduli, the compression of the layers, and the deflection 
at the surface for a given surface load intensity. 
To assess the reliability of predicting deflections by means of 
equation (3), plate load tests were performed on the Chattahoochee sand. 
The tests were performed in an 8.33 foot diameter cylindrical pit 22 feet 
in depth. A 17.5 inch diameter plate was used and the sand was prepared 
in a dense, a medium, and a loose state. 
The theoretical analysis was based on an assumed uniform boundary 
pressure and a stress distribution in accordance with the Boussinesq 
theory. The consequence of these assumptions was that the soil in a 
local zone below the loaded area was in a state of failure. A predeter­
mined critical ratio of the octahedral normal stress to the octahedral 
shear stress, corresponding to failure conditions measured in the tri­
axial tests, was used as a criterion for failure. The stress distribu­
tion analysis indicated smaller ratios than could be measured in the tri­
axial tests. Therefore it was necessary to assign shear moduli to this 
zone for which there was no experimental data. Two methods of dealing 
with this problem were used. One method was to assign a constant shear 
modulus based on incipient failure conditions to the zone. The second 
method was to permit the shear modulus to approach zero as the ratio of 
the octahedral normal stress to the octahedral shear stress approached 
zero. The effect of assigning a constant shear modulus to the failure 
xvi 
zone was to linearize the load-deflection curve. The effect of using the 
second method was to introduce non-linearity to the load-deflection curve 
and also to increase the magnitude of theoretical deflections. 
In view of the uncertainty with which the shear modulus could be 
defined for the conditions of local failure as well as the dependence of 
the resulting theoretical load-deflection data on this condition, no defi­
nite conclusions could be drawn regarding the reliability with which 
deflections could be predicted using stress dependent bulk and shear 
moduli. 
A hypothetical case for which the condition of local failure was 
eliminated by the application of a surcharge indicated that the load-
deflection curve was non-linear with a continuously increasing slope. 
This better illustrated qualitatively, the concept of using variable 
bulk and shear moduli to depict the behavior of the soil when subjected 




The nature of the response of a soil to an imposed stress system 
has been the subject of numerous experimental and analytical investiga­
tions. The fact that these investigations are continuing is evidence 
that to date a satisfactory theory has not evolved. The main basis for 
the analytical approaches has been the theory of elasticity, plasticity, 
and viscoelasticity. Since these theories are vastly different in their 
characterization of the response of a soil to a given stress system, the 
applicability of each theory must necessarily be of a very limited nature. 
The applicability is often governed by the magnitude of the imposed stress 
level relative to the ultimate strength of the soil, and by the complex­
ity of the solution which the theory yields0 
Generalizing, it may be said that the linear theory of elasticity 
serves as the basis for the solution of problems involving small strains, 
while the theory of plastic equilibrium serves as the basis for the solu­
tion of problems involving large strains. Since in many practical con­
siderations, a soil is subjected to a wide range of stresses and strains 
which may be time-dependent, the viscoelastic theory would intuitively 
provide a more realistic basis for analysis. In this respect, several 
investigators (References 1 through 4) have attempted to formulate a work­
ing hypothesis, based on rheology, that would adequately describe the 
behavior of the soil. The concept has been extended to the solution of 
a limited number of practical problems (References 5 through 11). Because 
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of the complexity of the viscoelastic treatment of soils, and the diffi­
culty of evaluating the parameters necessary to define the elastic and 
viscous components of the stress-strain relationship, the viscoelastic 
concept has not received wicje acceptance to date as a working hypothesis. 
Insofar as cohesionless soils are concerned, the stress-strain 
response may be categorized as being non-time dependent, and non-linear. 
It would therefore be desirable to develop a non-linear stress-strain 
theory to describe the behavior of the soil. 
In examining past methods of dealing with the stress-strain 
response of cohesionless soils, there are, in the author's opinion, two 
aspects that warrant examination and possible modification. These are 
(1) the particular form of stress-strain data used, for which the rela­
tionship is sought, and (2) the concept of a single deformation modulus, 
relating stress and strain0 
It may be stated that the stress-strain data obtained from triaxial 
compression tests are most often presented in the form of principal stress 
difference (a^ - tf^K versus axial strain* An attempt is then made to 
relate stress and strain*. Very often the initial tangent modulus is 
selected for use in the linear stress strain theory which can only yield 
a very crude approximation of the behavior of the soil. If an attempt is 
made to characterize the non-linearity of the stress-strain curve, then 
the parameter relating stress and strain must be a function of the stress 
level, as denoted by the principal stress difference. The principal stress 
difference, however, does not in itself reflect the stress conditions in 
the soil, nor is there a unique relationship between a given principal 
stress difference and the associated strain« For example, if the magnitude 
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of the principal stresses is relatively high, a small principal stress 
difference, say 10 lbs. per sqc in., will induce a small strain. On the 
other hand, if the principal stresses are relatively low, the correspond­
ing strain may be very high or failure may even occur. Thus stress dif­
ference alone has very little significance. The use of the mean or 
octahedral normal stress and the associated deviator stresses* provides 
a more meaningful concept of the state of stress. Likewise the use of 
axial strain is not always compatible with a stress difference when rela­
ting stress and strain components. Thus a stress-strain relationship 
based on principal stress difference and axial strain cannot properly 
describe the behavior of a soil mass. 
In characterizing the behavior of most materials, two elastic 
constants (Young's modulus and Poisson's ratio) are used to relate stress 
and strain. The assumptions that permit such a simplified relationship 
are the assumptions of homogeneity and isotropy. If these assumptions 
were not valid then 36 elastic constants would be required to completely 
define the stress-strain relationship of the material. Eighteen constants 
would be required to relate the normal stresses and strains and the other 
18 constants would be required to relate the shear stresses and strains. 
Thus basically, every component of strain is a linear combination of 
strains due to normal stresses and strains due to shearing stresses. 
If we consider the behavior of a homogeneous isotropic elastic 
solid subjected to a stress system consisting of normal and shearing 
stresses, in general it may be said that the normal stresses will cause 
Throughout the text deviator stress refers to the components of 
the deviatoric portion of the stress tensor. 
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a change in the dimensions of the solid while the shearing stresses 
will cause a distortion of the solido Thus the normal stresses may be 
associated with a change in volume of the solid while the shearing stresses 
are only associated with a distortion of the solid. 
If on the other hand, we consider the behavior of a homogeneous 
isotropic soil sample subjected to an identical stress system there is a 
basic difference in the response of the soilo The normal stresses will 
bring about a change in dimensions and volume of the soil sample. How­
ever, the shearing stresses in addition to bringing about a distortion 
of the sample may also bring about a change in volume of the sample. The 
change in volume resulting from the shearing stresses may well exceed the 
change in volume brought about by the normal stresses0 
Thus when applying the theory of elasticity to the behavior of 
soils, it appears advisable to separate and characterize the response of 
the soil to the normal stresses, and the response of the soil to the 
shear stresses„ The implication of this is that for soils there does 
not necessarily exist a single unique relationship between the shear 
modulus and the modulus of volume expansion for ell points within the mass. 
In view of the preceding discussion, it was felt that an investi­
gation of the nature of a non-linear stress-strain theory for cohesion­
less soils based on a modulus of volume expansion (hereinafter referred 
to as the bulk modulus), and a modulus of shear, might lead to a better 
understanding of the actual behavior of a cohesionless soil mass. More­
over, it was considered that if the respective moduli were expressed in 
terms of octahedral normal and shear stresses^ they would be more readily 
identifiable in some practical soil mechanics problems,. 
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To illustrate the practical feasibility of using such a non-linear 
stress-strain theory, it was decided to apply the concept to the load-
deflection analysis of a distributed load acting on the surface of a 
semi-infinite mass. Specifically, the existing equation for the deflec­
tion under a uniformly-loaded circular area would be rewritten in terms 
of the bulk and shear moduli in place of Young's modulus and Poisson's 
ratio. The non-linearity arises from expressing the moduli as functions 
of the stress system rather than assigning a constant value to each0 
To assess the validity of the modified equation a limited number 
of plate load tests would be conductedo 
In accordance with the objectives stated above the investigation 
consisted of the following parts and their respective phases. 
Part A: The investigation of the nature of a non-linear stress-
strain relationship for a cohesionless soil. 
This was separated into the following phases: 
1. An experimental investigation of the bulk modulus of sand under 
varying conditions of octahedral normal stress and initial density. 
2. An experimental investigation of the shear modulus of sand 
under varying conditions of octahedral normal stress, octahedral shear 
stress, and initial density. 
3. The formulation of expressions for the bulk and shear moduli 
as functions of the properties of the soil and the stress system. 
Part B. The analysis of deflection under a uniformly distributed 
load acting over a circular area. 
This section included the following phases: 
1. The development of an expression for the defection under a 
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uniformly-loaded circular area acting on the surface of a cohesionless 
soil mass in terms of variable bulk and shear moduli. 
2o Plate load tests to assess the practicality and validity of 
the above expression. 
Since each phase constituted a separate investigation, each is 
dealt with separately in the dissertation in the order outlined above. 
Part C. Conclusions and Recommendations for the Study. 
This part consists of a reiteration and integration of the conclu­
sions pertaining to each phase along with conclusions regarding the over­
all study, A critical appraisal of the study as well as recommendations 
for further study are dealt with in this section. 
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PART A 
THE INVESTIGATION OF THE NATURE OF A NON-LINEAR STRESS-STRAIN 
RELATIONSHIP FOR A COHESIONLESS SOIL 
8 
CHAPTER II 
THEORETICAL CONSIDERATIONS PERTAINING TO THE STRESS-STRAIN 
BEHAVIOR OF COHESIONLESS SOILS 
Existing Stress-Strain Theories 
Generally when reference is made to a stress-strain relationship 
pertaining to soils, it implies a non-linear plot of axial stress, or 
principal stress difference, versus axial strainQ Such plots have been 
used for the most part to define failure conditions, or an initial tangent 
modulus. The failure conditions have been used to define the ultimate 
strength of the soil in terms of an angle of shearing resistance, while 
the initial tangent modulus has been used in solutions based on a linear 
stress-strain theoryQ Only limited attention has been paid to character­
izing the entire portion of the stress-strain plot. The following is a 
brief discussion of some of the investigations that were made of the 
stress-strain characteristics of a cohesionless soil. 
Kondner et al. (12, 13) have developed a two-parameter hyperbolic 
function relating principal stress difference and axial strain. The two 
parameters incorporate the initial tangent modulus and the failure stress. 
The details will be given in a later section. 
Wroth and Basset (14) have developed mathematical equations based 
on exponential functions for describing the shear stress-strain charac­
teristics of an idealized sand. Three basic equations are used to obtain 
the relevant stress and strain parameters observed during a test. One 
equation relates the effective normal stress and the void ratio for the 
9 
particular test being performed. A second equation is an energy equation 
and the third is a strain equation,, The mathematical expressions are 
used to describe the behavior of a soil sample undergoing a direct 
shear or triaxial compression t e s t e The study was not extended to the 
solution of practical problems although the authors did express the 
belief that it could be extended to some boundary value problems. 
Both Kondner and Wroth indicated a close correlation between the 
mathematical stress-strain relationship and observed data. Their approaches 
differ from that proposed by the author in that their equations apply only 
to the results of a laboratory test on a sample of soil. It was the 
author's intention to obtain expressions for the elastic parameters (the 
bulk and shear modulus) which could be used in the solution of problems 
which have the linear stress-strain theory as their basis. 
Other stress-strain theories have been proposed but they are gen­
erally limited to a specific application. Examples of this are Rowe's (15) 
stress-strain theory for cohesionless soils as applied to earth pressure 
at rest, and Duffy and Mindlin's (16) stress-strain relations as applied 
to wave velocity and energy dissipation in a granular medium. 
Previous Investigations of the Elastic Properties of Sand 
It has been customary to represent the elastic parameters of a soil 
by a modulus of deformation, which is synonymous with Young's modulus, and 
Poisson's ratio. 
The modulus of deformation as determined by triaxial compression 
tests has been found to be a function of the density of the soil and cell 
pressure. 
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Investigations of the modulus of elasticity by sonic methods have 
indicated that the wave velocity increased exponentially with confining 
pressure (16, 17). Since the dynamic modulus varies with the square of 
the wave velocity, the dynamic modulus must vary exponentially with the 
confining pressure. 
Experimental studies of Poisson's ratio of sand have indicated 
that the value obtained is influenced considerably by the method used to 
obtain it. 
Values of Poisson's ratio as determined by zero lateral strain 
tests as reported by Barkan (18) and Terzaghi (19) were found to be rela­
tively constant and in the range of 0.30 to 0.35. 
On the other hand^ Jacobson (20) showed that Poisson's ratio as 
determined by triaxial compression tests varied considerably with the 
shearing stress0 His tests indicated values of Poisson's ratio ranging 
from 0.1 to 0.6. This wide range of values reflects the volumetric strain 
that accompanies shear strain0 A value in excess of 0.5 implies an expan­
sion of volume under the imposed stress system. 
Poisson's ratio based on measurements of the rate of propagation 
of longitudinal and shear values was found to be in the order of 0.42 to 
0.47 (18) which is somewhat higher than the values obtained under static 
conditions. 
Thus it may be categorically stated that the modulus of elasticity 
of sands has been found to be function of the density of the soil and 
some measure of the normal stress intensity. On the other hand, Poisson's 
ratio has been found to be relatively constant for a given sand when 
determined under conditions of no lateral strain but varies considerably 
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with shear stress when lateral strain is permitted. 
Stress-Strain Relationship in Terms of Volumetric 
and Deviatoric Components 
In tensor notation, the stress-strain behavior of a homogeneous, 
isotropic, elastic solid exhibiting small strains^, is written as follows: 
d. . = 3 K I 2 0 e. . 6. . + 2G e. . (Il-4a) U 3 kk ij ij 
in which ck^ = stress component (i = 1 to 3, j = 1 to 3) 
= strain component (i = 1 to 3, j = 1 to 3) 
K = bulk modulus 
G = shear modulus 
h .. = Kronecker delta ( b . . = 1 if i = j) 
= 0 if i / j) 
ekk = cubical dilation 
Equation (ll-4a) may be rewritten as: 
Ke, , h. . + 2G(e . . - » e. . * . . ) (ll-4b) d i j "kk wij ' "~vv~ij 3 ''kk "ij 
Writing equation (II-4b) in terms of volumetric components 
and (e^j) a n d deviatoric components (s^j) a n <^ ^ eij^ 
a. . = 3K e.. (II-5a) li li v ' 
s.. = 2G e.. (II-5b) 
The deviatoric components are given by: 
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(II-6a) 
ij = e 0 ij " 3 £kk *ij (Il-6b) 
The significance of equations (II-5a) and (II-5b) is that they 
indicate that the moduli K and G may be determined separately by 
appropriate experimental testsc 
The bulk modulus may be determined by tests in which only linear 
strains occur such as an isotropic compression test. 
The shear modulus may be determined by tests in which only shear 
strains occur such as a pure shear test or a torsion test. As well, the 
shear modulus may be obtained from triaxial compression tests with the 
octahedral normal stress held constant. The effect of maintaining a con­
stant octahedral normal stress is to hold the cubical dilation component 
constant. Consequently, as the test is performed, the changes in stresses 
and strains that occur are deviatoric which permits the direct deter­
mination of the shear modulus. 
Thus it has been demonstrated that the stress-strain behavior of 
a homogeneous, isotropic, elastic solid, can be represented by a general 
expression in which the volumetric and deviatoric components may be 
separated. In this expression the bulk modulus relates the volumetric 
stresses and strains, and the shear modulus relates the deviatoric 
stresses and strains. Moreover it has been demonstrated that these two 
parameters G and K are readily obtainable from triaxial compression 
tests utilizing specific stress paths, or loading procedures. 
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Previous Bulk Modulus Studies 
As mentioned in the preceding section, the bulk modulus is most 
readily obtained from isotropic compression tests0 The bulk modulus is 
the instantaneous slope of the octahedral normal stress versus volumetric 
strain curve. 
Isotropic compression tests have been conducted primarily on 
clays in conjunction with consolidated undrained triaxial compression tests 
and in consolidation studies of clay. Fewer isotropic compression studies 
have been conducted on sands0 The following is a brief discussion of 
some of the findings regarding the bulk modulus (or what is often 
referred to as the modulus of isotropic compression) of sand. 
Ladanyi (2l) performed isotropic compression tests on a fine, uni­
form, well rounded quartz sand prepared at near minimum and maximum rela­
tive densities. The tests were conducted over a hydrostatic stress range 
of 0 to 6 kg/cm 0 The results of these tests, in qualitative terms, 
imply that the bulk modulus is an increasing function of the hydrostatic 
stress and that it is a function of the initial density of the soil. At 
a given hydrostatic stress, the bulk modulus is higher for the dense 
state than it is for the loose state. 
His test results also indicated that approximately 50 per cent of 
the volumetric strain was recoverable. 
Wroth (14) in his development of mathematical equations for the 
stress-strain relationship describing the shearing behavior of an idealized 
sand assumed that under isotropic consolidation the idealized sand followed 
a straight line on a semi-logarithmic'plot. This differs from Terzaghi 's 
theory of one-dimensional consolidation only in that the natural logarithm 
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was used in place of the common logarithm. Since no tests to confirm or 
disprove the relationship were reported, the validity of the equation 
cannot be commented on. 
Clough ( 2 2 ) in his investigation of the shearing strength of sands 
at high pressures, conducted a series of isotropic compression tests on 
a fine micaceous sand in a dense and in a loose state up to hydrostatic 
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pressures of 6 5 0 kg/cm 0 A qualitative analysis of his results indi­
cated results similar to those obtained by Ladanyi in that the bulk modulus 
is a function of both the octahedral stress and the initial density of the 
sand. An assumed linear relationship between the log of hydrostatic stress 
and volumetric strain was found to deviate considerably from the observed 
values during the initial portion of the t e s t e One important aspect of 
the investigation over the large pressure range was that even at the very 
high pressures there was no tendency for a linear relationship between 
hydrostatic stress and volumetric strain, which precludes the concept of 
a constant bulk modulus. 
Wilson and Sutton (23) conducted isotropic compression tests on 
elastic spherical balls in a loose packing. From their study they ob­
tained the expression 
Jacobson ( 2 0 ) obtained a similar expression 
e = 0.608 x 10" 3 x d ° ° 6 1 2 
The above two expressions imply that there is a linear relation­
ship between the hydrostatic stress and the volumetric strain on a log-
log plot. 
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From the preceding discussion of previous investigations it can 
only be concluded that the bulk modulus of sand is not a constant but 
increases with the octahedral normal stress and the initial density of 
the soil. No general expression has been developed that would permit 
the determination of the bulk modulus for a specified density and octa­
hedral normal stress. 
Previous Shear Modulus Studies 
Only relatively recently has there been any attention paid to the 
characterization of the behavior of soils through a separation of the 
isotropic and deviatoric components. Moreover, much of the effort has 
been directed towards defining failure conditions for which a modulus of 
shear is not pertinent. Some of the investigations that have been carried 
out are cited in the following paragraphs*, 
Barkan (18) performed a simulated pure-shear test using a box 
having two metal walls with knife edges free to rotate about their sup­
ports. A horizontal force was applied to the upper part of the walls and 
the shearing stresses and strain were obtained for a dense soil under vary­
ing normal pressures. The results indicated that a linear relationship 
existed between the shearing stress and the shearing strain for a sand at 
a given density and subjected to a constant normal pressure<> However, the 
modulus of shear was found to depend on the magnitude of the applied nor­
mal stresses and therefore was not a constant. Barkan also found that 
a significant shearing stress had to be applied before any shearing 
strain was registered, an observation which he attributed to a pre-
stressing of the soil during densification. This signifies that initial 
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void ratio in itself is not truly an "initial" point, since the soil has 
undergone a stress history, much of which may be retained and which may 
consequently affect the future behavior of the soilo This is particularly 
true of sands formed in small rigid containers where pre-stress can be 
manifested. 
Another means of determining the shear modulus is by torsion tests. 
Such tests were performed by Habib ( 2 4 ) in his investigation of the 
effects of the intermediate principal stress on the shearing strength 
of sands. However, no information was included in his report which would 
permit the determination of the shear modulus. 
Several investigators in their study of soil dynamics determined 
the elastic properties of soil by the measurement of the velocities of 
longitudinal and shear waves transmitted through the soil. In general 
the results of such tests as evaluated and reported by Richart ( 2 5 ) indi­
cated that the shear modulus of granular soil was not a constant but that 
it increased approximately with the one-third power of the confining 
pressure. 
Another method of determining the shear modulus is to conduct a 
triaxial compression test with the octahedral normal stress held constant. 
Constant octahedral tests have been performed by such investigators as 
Kerisel ( 2 6 ) , Kondner ( 2 7 ) and Clough ( 2 2 ) . An examination of the results 
presented, revealed that, in all the above mentioned cases, the analysis 
and presentation of the results were of such a nature as to preclude 
their use for the quantitative determination of the shear modulus. 
In summary, it may be categorically stated that, based on the 
limited available experimental evidence, the shear modulus of sands is a 
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function of the density of the soil, the magnitude of the effective 
normal stress, and possibly the magnitude of the shear stress0 With 
regard to the last variable, Barkan"s work implies that the shear modulus 
is independent of the shear stress while a qualitative analysis of 
Kondner's and dough"s work implies that the shear modulus is a function 
of the shear stress0 
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CHAPTER III 
EXPERIMENTAL INVESTIGATION OF THE BULK MODULUS 
Scope of the Investigation 
The following factors were considered in deciding the extent to 
which the investigation would be carried out. 
1. Range of densities to be investigated 
Ideally, the densities investigated should range from 0 to 100 per 
cent of the relative density as defined by standard procedures. 
Zero per cent relative density was impractical if not impossible 
to attain since a small confining pressure had to be applied to the sample 
to provide it with sufficient rigidity to prevent it from slumping. The 
loosest state was therefore chosen to correspond to that density attained 
by placing the sand by means of a funnel, using a zero drop in height and 
measuring the sample dimensions with the sample under a confining pres­
sure of 0.5 pounds per square inch. This was found to correspond to a 
relative density of approximately 15 per cent. 
Obtaining 100 per cent relative density involves considerable 
vibration of the soil in an inundated state. There is a distinct possi­
bility of soil alteration resulting from the crushing of grains when the 
soil is densified in this manner. To avoid soil alteration, the densest 
state was chosen to correspond to that density that could be attained by 
moderate vibration with the sample dimensions taken under a confining 
pressure of 0.5 pounds per square inch. This was found to correspond to 
a relative density of approximately 85 per cent. 
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It was felt that a relative density range of 15 to 85 per cent 
bracketed the range of densities that one might expect to find not only 
in natural deposits but also in man made f i l l s o 
2. Range in hydrostatic stress 
It was decided to subject the samples to a hydrostatic pressures 
ranging from 0.5 to 100 pounds per square inch. This range was selected 
on the basis of the equipment that was to be used, and the practical 
problem to which this concept was to be extended. It was felt that from 
the point of view of settlements of foundation on or near the surface of 
sands, an octahedral stress of 100 pounds per square inch (or 7.2 tons 
per square foot) was unlikely to be exceeded. Moreover, the results of 
Clough's tests (22) indicated that even at hydrostatic pressures of 63.3 
tons per square foot, there was no linearity between stress and volumetric 
strain which excluded the existence of a practical limit to the bulk 
modulus. 
3. Statistical analysis 
It goes without saying that a statistical approach to the analysis 
of soil test results offers the best means of obtaining a good indication 
of the behavior of soil. Soil test results must necessarily exhibit 
some degree of randomness that is attributed to the physical make-up of 
the soil. This, along with the practical impossibility of eliminating 
experimental errors or inaccuracies, evinces the existence of scatter in 
experimental analysis. 
Since an exact duplication of initial densities is difficult to 
achieve and impossible to define with 100 per cent confidence due to 
experimental inaccuracies, it was decided to perform five tests on samples 
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prepared at approximately the same density. The procedure was to be 
repeated at densities varying by approximately 10 per cent. Thus eight 
series of isotropic triaxial compression tests were performed to define 
the variation in bulk modulus with octahedral normal stress and with 
initial density of the soil. 
Soil Investigated 
The tests were performed on a micaceous, medium, uniform sand 
known locally as the Chattahoochee river sand. The sand is composed 
primarily of sub-angular quartz particles with a few per cent of mica, 
principally muscovite. The physical properties as determined by ASTM 
standard laboratory procedures are given in Table 1. The grain size 
distribution is given in Figure 1. 
The Chattahoochee sand has been used in other research under­
takings and information regarding its shear strength characteristics 
under normal and extremely high confining pressures can be found in 
references 28, 22, and 29. 
Test Apparatus 
The bulk modulus tests were performed on specimens 2.8 inches in 
diameter and 6 inches in height in a standard triaxial cell. Water was 
used as the cell fluid and compressed air was used to increase the cell 
pressure. The sand was in an air dry state (less than 0.1 per cent 
moisture). A volume change measuring device similar in principle to that 
outlined in Bishop and Henkel (20) was used to measure the volume change. 
Standard rubber membranes (wall thickness 0.008 to 0.013 inches) were 
used. 
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Table 1. Physical Properties of Chattahoochee River Sand 
Specific Gravity 2.66 
Maximum Void Ratio 1.10 
Minimum Void Ratio 0.61 




Conventional techniques and equipment were used to form the samples. 
The density and uniformity was controlled by permitting the sand to flow 
through a funnel, at a constant height of drop. The height of drop was 
varied to attain different densities for the different test series in 
accordance with a pre-established relationship between height of drop and 
density (29). For greater densities than could be practically achieved 
by this method, vibration techniques were employed. Sample dimensions were 
taken by means of calipers accurate to the nearest .01 mm. and a scale 
accurate to the nearest 0.01 inch. The dimensions were taken with the 
sample under a vacuum of 0 . 5 lbs. per sq. in. Five readings of the 
diameter and the height were taken for each specimen. The membrane 
thickness was subtracted from the measured diameter. An average membrane 
thickness of 0.01 inches was assumed. 
After the cell had been assembled and the cell fluid added, the 
vacuum stress of 0 . 5 lbs. per sq. in. was transferred to a positive con­
fining pressure of 0 . 5 lbs. per sq. in. in the cell fluid. Any future 
reference to initial conditions will infer a confining pressure of 0 . 5 
lbs. per sq. in. and the corresponding dimensions and density. 
Test Technique 
After the confining pressure was transferred from a vacuum to a 
positive pressure the volume change device was connected to the cell. 
The test was performed by increasing the cell pressure in increments. 
To define the initial portion of the curve, the cell pressure was in­
creased by raising a burrette of water to heights yielding average cell 
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pressures (measured relative to mid height of the sample) of 0 . 9 , 1 » 3 , and 
2 . 0 lbs. per sq. in. From this point on, compressed air was used to 
increase the cell pressure to 3 , 5 , 7 . 5 , 1 0 , 1 5 , 2 0 , 2 5 , 3 0 , 4 0 , 5 0 , 6 0 , 
7 0 , 8 0 , 9 0 and 1 0 0 lbs. per sq. in. 
After the application of each stress increment, sufficient elapsed 
time was permitted to insure isotropic compression of the sample. Gen­
erally this involved elapsed time of 7 to 1 2 minutes. The next stress 
increment was added when the volume change during a five minute interval 
was equal to or less than 0 . 1 cubic centimeters. 
After completion of the isotropic compression test, the stress was 
reduced to 0 . 5 lbs. per sq. in. in decrements and volume change readings 
were observed. 
Discussion of Test Results 
The test data pertaining to the isotropic compression tests is 
presented in a summarized, tabular form in the Appendix (Table 4 ) and is 
reproduced in graphic form in Figures 2 through 9o Each figure represents 
the results of the five tests that constituted a separate series. A solid 
line is used to represent the average values of the five tests. The ini­
tial void ratio corresponding to each test is indicated on the figure. 
To illustrate the effect of initial density on the stress-strain 
relationship, the average curves representing the different series were 
reproduced on a common plot (Figure 1 0 ) . 
From an inspection of Figures 2 through 1 0 , it is apparent that the 
stress-strain relationship is a function of the initial void ratio and 
the magnitude of the octahedral normal stress. This is consistent with 



































Series No. 2 
Symbol Test No. e Q 
0 25 0.98 
• 31 0.97 
A 32 0.96 
• 58 0.96 
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Figure 10. Relationship between Volumetric Strain, Octahedral Normal Stress, and Relative Density. 
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The scatter of test results in each test series is relatively 
small with the exception of series No. 4. The scatter may be considered 
to be the result of: 
1. Randomness that all materials can be expected to exhibit when 
tested under identical conditions. 
2. Inaccurate determination of the initial void ratio. 
3. Experimental inaccuracies in performing the test. 
The effects of each of these will be discussed in subsequent 
paragraphs. 
Randomness 
All materials exhibit a randomness when some property of the mater­
ial is measured under identical testing conditions. In light of this, the 
probability of an exact duplication of soil test results can not be very 
high when one considers the material and the process used in forming the 
samples. A quantitative analysis of the scatter of test data that could 
be attributed to this in the tests conducted would require a specially 
designed statistical experiment involving numerous tests. Nonetheless it 
should be borne in mind that a scatter of test results under identical 
testing conditions is the rule rather than the exception. 
Initial Void Ratio 
Much of the scatter is attributable to the variations in initial 
density. The effect of initial density on the stress-strain relationship 
is apparent from Figure 10, In Figures 2 through 9 there are some in­
stances in which there is an inconsistency in the relative positions of 
individual sets of data according to their void ratios. A probable expla­
nation is the possible discrepancy between the observed and the true 
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initial density. 
It can be shown that if the accuracy with which the average dimen­
sions of the sample can be defined is ±0,02 inches (which is a reasonable 
assumption), then the computed void ratio can only be defined to an 
accuracy of ±0.015. Consequently, two reportedly identical initial void 
ratios may in fact vary by as much as 0.03 giving rise to a discrepancy 
in the stress-strain data. Other discrepancies such as the relative 
positions of the individual stress-strain curves may be partly explained 
on this basis. 
Experimental Errors 
The other experimental errors that can be expected to introduce 
some scatter of results are: 
1. Experimental error in reading the cell pressure. A bourdon 
gage graduated to the nearest 1 lb. per sq. in. division was used to 
measure the cell pressure0 Since the cell pressure was set at desig­
nated values, it is unlikely that the true cell pressure deviated from 
the observed by mofe than 0.2 lbs0 per sq. in. This deviation would 
result in a scatter of points obtained during one test and would not be 
expected to contribute to the scatter between the tests of a series. 
2. Temperature effects. One main disadvantage of the method used 
to measure volume change is the sensitivity of the device to temperature 
changes. Every effort was made to minimize temperature effects by making 
certain that the temperature of the cell fluid was the same as the air 
temperature; by minimizing the volume of air between the sample and the 
volume change measuring device; and by avoiding as much as possible, large 
variations in room temperature. To ensure no temperature effects, the 
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tests would have to have been performed in a temperature controlled room. 
However due to the relatively short duration of the test, (1.5 to 2 
hours) the difference in air temperatures never exceeded more than 1 
degree centigrade during any one test. This one degree variation would 
not be expected to bring about a corresponding change in the temperature 
of the air in the sample and the volume change device because it is a 
closed system with considerable insulation from the air surrounding it. 
If a one degree (centigrade) change in temperature of the air in 
the closed system did occur, this could account for a change in volume 
of approximately 1 cubic centimeter which would constitute a variation in 
volumetric strain of less than 0.2 per cent. This is not considered to 
be of significant magnitude. 
3. Membrane effects. Roscoe et al. (31) maintain that a signifi­
cant portion of the observed volume change in triaxial specimens of sand 
is directly attributed to membrane penetration. Their analysis indicate 
that for sands having a mean diameter greater than 60 microns the volume 
change of the soil skeleton is entirely elastic and constitutes a small 
portion of the observed volume change. Their results and conclusions are 
subject to conjecture particularly the assumption of purely elastic behav­
ior upon which the entire concept rests. Moreover, the results of tests 
conducted using relatively stiff membranes (plasticized polyvinyl chloride 
having a wall thickness of 0.055 inches) on the Chattahoochee sand by 
Clough (22) (precluding any significant membrane penetration), were of the 
same nature as those obtained by the author using thin rubber membranes. 
In conclusion, it is felt that one should be cognizant of the possibility 
of significant membrane effects particularly in specimens having a large 
35 
specific surface and being made up of medium or coarse, poorly graded sand. 
Further research would be required to establish quantitative corrections 
that could be applied to observed volume changes to take into account the 
membrane effect,, 
With the exception of the membrane effect, the experimental errors 
in the bulk modulus study have been of a random nature, if not on an 
individual test basis, then certainly on a test series basis. In view 
of this it would be expected that their effects were not cumulative. 
It would be desirable to express some limit of accuracy or degree of con­
fidence regarding the observed test data. However, because of the inter­
action of the various factors affecting the results, this is not considered 
to be practical. It is felt that the plot of the test results for each 
series is a good indication of the reproducibility of results, at least 
in a qualitative sense,, 
Permanent and Recoverable Volume Change Components 
As a matter of interest, the volume change during isotropic com­
pression and during unloading is shown in Figure 11 for a loose and a 
dense specimen. The difference between the ordinates of the loading and 
the rebound curves represents the permanent volume change while the dif­
ference between the maximum volume change and the ordinates of the rebound 
curve represents the recoverable or elastic components of volume change. 
By inspection it can be seen that the dense sample exhibits less perma­
nent volume change than does the loose specimen as was to be expected. 
The magnitude of permanent versus recoverable volume change compo­
nents, as well as the variation in their relative magnitudes with void 
Figure 11. Variation in Volume Change with Octahedral Normal Stress for Loose and Dense Sand. 
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ratio as based on the entire test series, is shown in Figure 12. The 
permanent and recoverable portions are expressed as a per cent of the 
total volume change shown at the left and right hand margins respectively. 
From the figure it can be seen that there is an approximate linear rela­
tionship between the permanent (or recoverable) component of volume change 
and the relative density of the soil. 
An extrapolation of the results would imply the following: 
1. At zero relative density under isotropic compression, approxi­
mately 80 per cent of the volume change is of a permanent nature and 
approximately 20 per cent is elastic. 
2. At 100 per cent relative density,, under isotropic compression, 
approximately 25 per cent of the total volume change is of a permanent 
nature and 7 5 per cent is elastic. 
3 . Between the aforementioned limits, the magnitudes of the perma­
nent and elastic portion vary linearly with the relative density. 
The above statements refer only to the first loading and unload­
ing of a soil. Under repeated loading the relative magnitude of the 
elastic component would progressively increase. 
Bulk Modulus as a Function of the Octahedral Normal Stress 
Of primary concern to the investigation was the variation of the 
bulk modulus with the octahedral normal stress and the initial density 
of the soil. 
Considering first the variation of the bulk modulus with the octa­
hedral normal stress, it is apparent from Figure 10 that the bulk modulus 
is an increasing function of the octahedral normal stress, since the 
volumetric strain is a decreasing function of the octahedral normal 
10 20 30 40 50 60 70 80 90 100 
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Figure 12. Separation of Total Volume Change into Permanent and Recoverable Components. 
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stress. An attempt was made to express the volumetric strain as a func­
tion of the octahedral normal stress using exponentials, hyperbolic 
functions, and polynomials of varying degrees. This proved to be unsuc­
cessful primarily because of the difficulty of establishing a set of 
boundary conditions necessary to the solution of a differential equation. 
The form of expression suggested by Wilson and Sutton (23) and Jacobson 
(20) was found to be inapplicable over the range of hydrostatic stresses 
employed in the test series. 
The slope of the stress-strain curve or bulk modulus and its vari­
ation with stress was of greater concern to the investigation that the 
stress-strain curve itself. To obtain an indication of the variation of 
the slope with stress, the bulk modulus was computed for small increments 
of stress over the entire stress range. The bulk modulus was then plotted 
as a function of the octahedral normal stress. One such typical plot is 
given in Figure 13. An examination of this plot indicated that, as a 
first approximation, the bulk modulus could be expressed as a linear 
function of the octahedral normal stress over a specific stress range. 
Two such functions would serve to relate the bulk modulus to the octa­
hedral normal stress over the stress range investigated. 
It should be pointed out that the scatter in this particular plot 
did not necessarily result from the scatter in the experimental data but 
was instead the result of not being able to precisely define the change 
in strain corresponding to a change in stress. The information was taken 
from a curve representing the average points of a test series. 
To obtain the "best fit" straight lines for the eight test series, 
a linear regression analysis was performed on the test data using the 
6000 
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Figure 13. Relationship Between Bulk Modulus and Octahedral Normal Stress: D r = 0.18. -P> 
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B220 computer. Using this information an equation was written relating 
the bulk modulus and the octahedral normal stress. These equations are 
given in Table 2. Included in the table is statistical information from 
the regression analysis. The high correlation coefficient, and the level 
at which the relationship remained significant, is evidence of the validity 
of an assumed straight line relationship. 
To assess the validity of these equations, they were integrated to 
yield an equation relating volumetric strain and octahedral normal stress. 
The constant of integration was evaluated by defining the conditions at 
the point of intersection of the two straight lines. The following illus­
trates the method used and the form of equation obtained for the data 
shown in Figure 13. 
From the regression analysis the intercept and the slope of the 
two straight lines were respectively, 
(259.84, 68.82) and (1368.89, 34.91) 
Thus the equation relating bulk modulus ^ j 
and octahedral normal stress, written in parts is 
K = ̂ - = 259.84 + 68.82 d Q (Ill-la) 
K = ~ = 1368.89 + 34.91 d (Ill-lb) de o 
Equating these two equations yielded the common point of inter­
section d = 32.70. 
o 
The observed strain at d Q = 32.70 is .0316 as taken from the plot 
of average stress versus average strain for that particular series. 
Table 2. Results from Regression Analysis of Bulk Modulus and 
Octahedral Normal Stress Data 
Limits of Significance Correlation 
D^ Derived Equations 6 (psi) Level {%) Coefficient 
0.18 K = 259.84 + 68.82 d 0 - 32.7 .01 0.99 0ol8 K = 1368.89 + 34.91 0° 
0 
32.7 - 100 .01 0.97 
0.29 K = 330.05 + 69.10 6 0 - 33.6 .01 1.00 
0.29 K 1452.41 + 35.77 d ° 
0 
33.6 100 .01 0.97 
0.37 K = 501.17 + 82.60 0 32.7 .01 1.00 
0.37 K = 1928.47 + 38.94 d° 
0 
32.7 - 100 .01 0.99 
0.45 K = 553.36 + 90.99 a 0 - 26.9 .01 0.99 
0.45 K = 1616.27 + 51.52 6 
0 
26.9 - 100 .01 0.96 
0.60 K = 895.16 + 120.29 cJ 0 - 20.1 .01 0.97 
0.60 K = 2135.78 + 58.54 4° 
o 
20.1 - 100 .01 0.99 
0.68 K - 955.52 + 154.59 d 0 19.7 .01 0.98 
0.68 K = 2487.19 + 76.69 0 ° o 19.7 - 100 .01 0.98 
0.74 K = 977.62 + 172.90 cJ 0 - 18.2 .01 0.97 
0.74 K = 2342.47 + 98.10 cJ° 
0 
18.2 - 100 .01 0.97 
0.82 K = 1055.36 + 210.46 a 0 - 18.6 .01 0.98 
0.82 K = 2899.39 + 101.68 6° 
0 
18.6 - 100 .01 0.99 
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Integrating the equations we obtain 
e = z:q1qo l n (259*84 + 68.82 a ) + C. (0 < a < 32.7) (III-2a) 
DO.OZ 0 1 O 
e = rr~T l n (1368.89 + 34.91 (3 ) + C 0 (32.7 <<3 < 100) (III-2b) 
Evaluating the integration constant using the point in common 
yields 
Cl = -0.0821 
C 2 = -0.1926 
Thus the equation becomes 
e = , Q 1 o o In (259.84 + 68.82(3 ) - 0.0821 (0<(3 < 32.7) (III-2c) 68.82 x o x o 
rr—rr In (1368.89 + 34.91(3 ) -0.1926 (32.7<<3 < 100) (III-2d) 34.91 o o e = 
These equations were then used to obtain an independent curve of 
volumetric strain versus octahedral normal stress and this curve was com­
pared with the corresponding observed points. The results are shown by 
the upper curve of Figure 14, which indicates near perfect agreement 
between the observed points and the expression relating them. 
The process was repeated for the other series. The resulting 
equations are given in Table 3. A comparison of the "best fit" curve 
having a mathematical basis, and the observed points is given for the 
entire series, in Figure 14. The validity of the mathematical expres­
sion is apparent. 
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Table 3. Equations Relating Volumetric Strain and 
Octahedral Normal Stress 
Derived Equation Limits of 
* 0 (psi) 
0.18 e = * Q O ln (259.84 + 68.82 d ) - 0.0821 0 - 32.7 
0.18 e = 3 4 * 9 1 ln (1368.89 + 34.91 C J q) - 0.1926 32.7 - 100 
0.29 e = 6 9 X 1 ( j ln (333.05 + 69.10 d ) - 0.0854 0 - 33.6 
0.29 e = 3 5 1 7 7 In (1452.41 + 35.77 a ) - 0.1915 33.6 - 100 
0.37 e = 1 In (501.17 + 82.60 <> ) - 0.0761 0 - 32.7 
o Z . OU O 
0 , 3 7 6 " 3 8 1 9 4 l n (1428.47 + 38.94 C J q) - 0.1856 32.7 - 100 
0 , 4 5 £ = 9 0 I 9 9 l n (553.36 + 90.99 a Q ) - 0.0702 0 - 26.93 
0.45 e = 5 1 X 5 2 In (1616.27 + 51.52 <3q) - 0.1378 26.93- 100 
0.60 e = 2 9 In (895.16 + 120.29 0 q ) - 0.0570 0 - .20.1 
0.60 e = 1 In (2135.78 + 58.54 a ) - 0.1282 20.1 - 100 
58.54 O 
0.68 e = 5 9 In (955.52 + 154.59 C ) - 0.0448 0 - 19.7 
0.68 e = 7 6 1 o 6 9 In (2487.19 + 76.69 0 ) - 0.0995 19.7 - 100 
0.74 e = 1 In (977.62 + 172.90 d ) - 0.0404 0 - 18.2 
11Zo9U o 
0.74 e = 9 8 * 1 Q ln (2342.47 + 98.10 aq) - 0.0772 18.2 - 100 
0.82 e = 2 1 Q 1 4 6 ln (1055.36 + 210.46 d ) - 0.0335 0 - 18.6 
0.82 e = 1 Q 1 1 In (2899.39 + 101.16 a q) - 0.0768 18.6 - 100 
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Thus it has been demonstrated that for a specific initial density, 
the bulk modulus of the Chattahoochee River sand can be mathematically 
related to the octahedral normal stress* It would be desirable to develop 
a general expression which would include the influence of initial density 
as well. The feasibility of doing this will be examined in the next sec­
tion. 
Bulk Modulus as a Function of the Octahedral Normal Stress 
and the Initial Density of the Soil 
To study the effects of initial density on the bulk modulus, a 
plot was made up of the bulk modulus versus octahedral normal stress 
relationships for the entire series (Figure 15). An examination of this 
plot indicates the existence of a definite interrelationship between the 
bulk modulus, the initial density and the octahedral normal stress. The 
parameters which would define such a relationship are: 
1. The bulk modulus intercept (K.) 
d K 
2. The rate of change in bulk modulus (jjJJ"" ) 
o 
3. The points of intersection of the two straight lines common to 
one relative density. 
Thus a single equation expressing bulk modulus as a function of 
initial density and octahedral normal stress would have to be developed 
as a partial differential equation involving two independent variables 
and a set of parameters that are functions of the independent variables. 
The complexity of the problem would suggest a graphical method of solution 
in place of an analytical solution at this stage. 
Since the parameters (intercept, rates of change in bulk modulus, 
and points of intersection) may be considered to be parameters of the soil 
0 10 20 30 40 50 60 9 70 80 90 100 
OCTAHEDRAL NORMAL STRESS a (lb/in ) 
o Figure 15. Variation in Bulk Modulus with Relative Density and Octahedral Normal Stress. 
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(as they reflect or depend upon certain physical properties of the soil) 
they may be expected to exhibit a definite relationship with one or both 
of the dependent variables. To ascertain the degree of randomness and 
existence of a relationship, a plot was made of each of the parameters 
as a function of initial relative density. The results are depicted in 
Figure 16 and will be discussed separately. 
Bulk Modulus Intercept 
The bulk modulus intercept is a function of the initial 
density of the soil (octahedral normal stress = 0) and it would appear 
that it bears a straight-line relationship to the initial relative 
density. The slope of the best fit line was determined by the method 
of least squares. 
Rate of Change in Bulk Modulus 
For a specified stress range and a given density, the rate of 
change in bulk modulus is a constant. The rate of change however is a 
function of the initial density. As can be seen by the two curves rela­
ting the rate of change in bulk modulus and the initial density, the 
relationship is not a simple function. 
Point of Intersection 
The point of intersection is intuitively a function of both 
dependent variables. The relationship may be approximated by a straight 
line as indicated in Figure 16. 
The difficulty of obtaining a general expression relating the bulk 
modulus, initial relative density, and octahedral normal stress is appar­
ent when one considers the parameters, and their relation to the independent 




K = A + B d 
o 
0 < d < C o (III-7a) 
K = D + E d o C < d < 100 o (III-7b) 
A, D, = f(eQ) 
B, E, = g(C, e Q) 
C = h(d , e ) N o' o 
Thus using equations III-7a and III-7b along with the relation­
ships indicated in Figure 14, the bulk modulus may be obtained for any 
specified initial density and octahedral normal stress. 
A graphical solution was obtained using the relationships obtained 
for these parameters (Figure 16) and using relative densities ranging from 
0.10 to 0.90 in increments of 0.10. The solution is shown in Figure 17. 
This figure differs from Figure 15 in that there has been a "smoothing 
out" of the parameters. In this respect, it may be considered to be some­
what idealized. In any event the difference between the idealized values 
and the experimentally observed values is less than one per cent. 
Figure 17 permits the direct determination of the bulk modulus of 
sand for relative densities ranging from 10 to 90 per cent and for octa­
hedral normal stress ranging from 0 to 100 lbs. per sq. in. 
On the basis of the preceding outline of results the following 
pertinent conclusions may be cited regarding the bulk modulus of .the 





1. The bulk modulus is a function of the initial density of the 
soil, and the magnitude of effective normal stress to which it is sub­
jected. 
2. For a given initial density the relationship between the bulk 
modulus and the octahedral normal stress can be approximated by a straight 
line over a limited stress range. 
3. The stress-strain relationship for the isotropic compression of 
the sand can be expressed by a mathematical equation of the form 
e = - In ( A + m d ) + D m x o 
in which: 
m, A, B = constants which are functions of the soil and the stress 
level. 
4. A mathematical expression for the bulk modulus in terms of the 
initial density and the octahedral normal stress would have to incorpor­
ate 4 parameters, three of which are functions of the initial density only 
and the fourth a function of both the initial density and the octahedral 
normal stress. 
5. The solution for the bulk modulus as a function of initial 




EXPERIMENTAL INVESTIGATION OF THE SHEAR MODULUS 
Laboratory Method of Determining the Shear Modulus 
As mentioned previously the shear modulus of soil may be deter­
mined by any one of the following methods: 
1. Torsion tests 
2. Pure shear tests 
3. Wave propagation 
4. Constant octahedral triaxial compression tests 
The author chose the fourth method for determining the shear modulus 
for the following reasons: 
1. The triaxial cell is widely used in the determination of soil 
properties and may be considered to be standard laboratory equipment. 
The alternative methods required more elaborate equipment not readily 
available in most soil mechanics laboratories. 
2. The triaxial cell method better simulates the mechanics of the 
behavior of a soil under a loaded area than do the other methods. That 
is, the triaxial test constitutes a special case of a three dimensional 
axially symmetrical problem. 
3. It is readily divisible into the octahedral and deviatoric com­
ponents of stress which is the basis for this particular investigation. 
The equations necessary for the determination of the shear modulus 




In terms of principal stresses tj^, a^t 
••o - I J{el-a2)2+ 'fl2 " fl3)2 + (-1 " ^ V ' 2 a ) 
For the triaxial compression test in which 6^ = n^, the equation reduces 
to 
\ ' - ^ f ^ l - °3 ) ( I V " 2 b ) 
Similarly, in terms of principal unit strains e^, e^, e^, 
which for the triaxial compression test reduces to 
Y Q . 2 V £ ( E I . E ) 
Assuming the soil to be isotropic, the stress and strain tensors 
are coaxial and the equation for the shear modulus may be written 
G - 5 ( I V - 4 ) 
For the test in question 
« ! - ^ ( I V - 5 ) 
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in which: AL = change in length of the test specimens 
L = length of the test specimen just prior to shear 
€ 3 
Ad 
d (IV-6a) c 
in which Ad<= change in the diameter of the test specimen 
d = diameter of the sample just prior to shear c 
The change in diameter may be determined by physical measurements 
or may be computed from the following equation, the derivation of which 
is included in the Appendix: 
(IV-6b 
Equation (IV-6b) will be used in the analysis and the test results will 
be presented in terms of octahedral shear stresses and strains. 
Scope of the Investigation 
Intuitively, the variables affecting the shear modulus are, density 
of the soil, octahedral normal stress, and the octahedral shear stress. 
To ascertain the influence of each, it was decided to perform a series 
of constant octahedral triaxial compression tests varying the initial 
density and the octahedral shearing stress. A test series consisted of 
three tests performed at each of four different densities at a constant 
octahedral normal stress. Six such series were conducted at constant octa­
hedral normal stresses of 100, 80, 60, 40, 20 and 10 lbs per sq. in. Thus 
72 tests were performed to determine the shear modulus under varying 
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conditions of octahedral normal stress, octahedral shear, and initial 
density. 
Materials and Test Apparatus 
Chattahoochee river sand was used in these tests and was taken from 
the same batch as that used for the isotropic compression tests. The sand 
was in an air-dry state and was tested under drained conditions. 
A 2.8 inch standard triaxial cell was used for the tests. The 
loading apparatus consisted of a hydraulic ram activated by compressed air. 
The advantage of this loading system was that it was stress controlled 
with no manual adjustment required while the sample was undergoing defor­
mation. Also it lent itself to incremental loading which was necessary 
for reasons explained in the test procedure. Two hydraulic rams having 
different capacities were used. A small bore ram was used for the tests 
conducted at low octahedral normal stresses while the larger capacity ram 
was used for the tests conducted at the higher octahedral normal stresses. 
This provided consistency in the accuracy with which the major principal 
stress could be controlled. The calibration chart for the hydraulic rams 
is included in the Appendix. 
The volume change apparatus previously described was used for 
measuring volume changes and a dial extensometer was used for measuring 
axial deformation. 
The end platens were polished and sprayed with Teflon to minimize 
end restraint. A schematic of the test apparatus is shown in Figure 18. 




The samples were formed in a manner identical to that described in 
the bulk modulus study. An attempt was made to obtain the loosest possi­
ble state of density, a very dense state, and two intermediate states of 
density. Triplicate specimens were formed in an effort to obtain at least 
a duplication of density within plus or minus 0.02 lbs per cu. ft. 
Test Technique 
After the specimen was formed, its dimensions obtained, and the 
cell assembled, the cell pressure was brought up to the desired value of 
the octahedral normal stress. During this phase, the volume change and 
axial deformation were measured to enable the redefinition of the initial 
conditions of the sample for the shear tests. 
After equilibrium of the isotropic compression had been attained, 
the sample was tested to failure in small load increments. The cell pres­
sure was lowered and the axial, load was increased almost simultaneously 
so as to maintain a constant octahedral normal stress. Because of symmetry 
a reduction in cell pressure of a given magnitude, required an increase in 
d^ by twice the given decrement. All pressure decrements varied from 
0.5 lbs. per sq. in. in the case of the low octahedral normal stresses to 
2.0 lbs. per sq. in. for the high octahedral normal stresses. 
To determine the axial load increment required to maintain a con­
stant mean normal stress, the cross sectional area of the sample correspond­
ing to that stress had to be estimated. This was done by calculating and 
recording the change in cross sectional area as the test progressed and 
using this as a guide to predicting the area for the next load increment. 
5.9 
The predicted and the actual cross-sectional areas were almost in perfect 
agreement until failure was imminent. It is noteworthy that failure 
developed rapidly, and was characterized by bulging followed by a shear 
failure surface. The bulging and development of the failure surface gen­
erally took place in the last 2 or 3 load increments. Up to that point 
there was no visual evidence of bulging. Thus end restraint was only 
appreciable when failure was occurring, and the assumption that the 
specimen remained a cylindrical during deformation was valid. 
Discussion of Test Results 
The results of the constant octahedral triaxial compression tests 
are tabulated in the Appendix (Table 5), and are represented in Figures 
19 through 28 in the form of a plot of octahedral shear stress versus octa­
hedral shear strain. This particular form of presentation was used since 
it will later be used for determining the shear modulus, and all parameters 
will be related to octahedral stress and strain components. Each figure 
depicts the results of a series of tests conducted at a constant octahedral 
normal stress, and at varying initial densities* of the soil. Some series 
encompassed four different densities while others encompassed only three. 
This is because the isotropic compression governed to a great extent, the 
possible initial density range. Under high isotropic compressive stresses, 
the possible range of initial densities was relatively small and hence 
only 3 significantly different densities were obtained. The results of 
the three tests conducted at approximately the same density were plotted 
* 
Initial density refers to the density of the soil after isotropic 
compression and just prior to the beginning of the shear test, and will 
be denoted by the subscript c. 
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Figure 19. Stress-Strain Relationship for Constant a = 100 lb/in . 
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Figure 20. Stress-Strain Relationship for Constant a = 8 0 lb/in . 
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Figure 21. Stress-Strain Relationship for Constant a = 60 lb/in . 
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Figure 22. Stress-Strain Relationship for Constant C J Q = 60 lb/in 2. 
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A No. 37 e = 0 . 9 1 
c 
o 1/G .+ .0402y o o 
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Figure 23. Stress-Strain Relationship for Constant O q = 40 lb/in 
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Figure 2 4 . Stress-Strain Relationship for Constant a = 4 0 lb/in' 
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Figure 25. Stress-Strain Relationship for Constant a = 20 lb/in 2. 
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Figure 28. Stress-Strain Relationship for Constant a = 10 lb/in 2. 
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to indicate the scatter in test results. The solid lines are the stress-
strain relationships according to the mathematical expressions indicated 
on the figures. Details regarding how they were arrived at will be given 
in a later section. 
The density corresponding to each set of test results is indicated 
on the figure. 
To ascertain the effect of density on the stress^strain relation­
ship, best-fit curves were obtained for each of the three tests repre­
senting different densities, and these best-fit curves were presented on 
a common plot. The results are shown in Figures 29 through 34. 
To show the influence of the octahedral normal stress on the 
stress-strain relationship, best-fit curves corresponding to approxi­
mately the same density but different octahedral normal stresses were 
presented on a common plot (Figure 35). The octahedral normal stress and 
the relative density to which the best-fit curve corresponds is indicated 
in parenthesis. 
Considering first the separate plots obtained for each constant 
octahedral normal stress, it can be seen that there is some scatter of 
data but the scatter is quite small. Some of the possible causes of 
scatter are as follows: 
1. Variation in initial densities. The argument presented in 
Chapter III regarding this point applies in this series of tests as 
well, and will not be repeated. 
2. Discrepancy between the computed or observed principal stresses 
and the actual principal stresses. The cell pressure and hence c t^ could 
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Figure 33. Stress-Strain Relationship for Various Densities 
and Constant a = 20 lb/in 2, o 
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Figure 34. Stress-Strain Relationship for Various Densities 
and Constant a = 10 lb/in 2, o 

75 
the relative or per cent error increased as the cell pressure was decreased. 
This was particularly significant in the 11 low" constant octahedral normal 
stress tests. 
The pressure activating the hydraulic ram could also be read to 
within ±0.25 lbs. per sq. in. Since the area of the large ram was approxi­
mately the same as the area of the sample it can be assumed that the error 
in 0^ due to variations in the applied load was approximately the same 
as the error in the ram pressure. The influence of this was the greatest 
at low ram pressures because of the larger per cent error. There is also 
the possibility of a discrepancy between the observed and true values of 
due to piston friction resulting from a horizontal component of force 
acting on the piston at the platen. This effect is most pronounced near 
failure conditions when tilting of the sample is most likely to occur. 
The design of the piston should theoretically minimize side friction. 
3'. Discrepancy between predicted and actual cross sectional area. 
As pointed out previously, in order to attain a given change in o*̂  , the 
corresponding change in area had to be predicted. The predicted and the 
actual areas proved to be in near perfect agreement until failure condi­
tions were approached. Beyond this point the discrepancy in some instances 
was appreciable. 
4. Deviation from constant octahedral normal stress conditions. 
The possibility of such a deviation arises from discrepancies between 
observed and actual stresses. A study of Figure 35 reveals that the 
stress-strain relationship is fairly sensitive to the octahedral normal 
stress and therefore deviations from a constant 0 condition could be 
o 
expected to cause some scatter in the test results. 
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5. Strain and Volume Change Measurements. To determine the axial 
strain which occurred during the build up of the cell pressure, it was 
necessary to apply a counterbalancing force to the piston, to keep it in 
contact with the top platen. The accuracy with which this could be done 
was limited to the accuracy with which the piston load could be controlled. 
Any error introduced by an inaccurate seating of the piston on the top 
platen was evident in the stress-strain plot, and the necessary zero 
correction was applied. 
There is very little likelihood of any appreciable error being 
attributable to volume change observations. 
In summary it may be said that scatter in the test results was to 
be expected for reasons cited above and that in a qualitative sense at 
least the degree of scatter was within tolerable limits. The consequences 
of the scatter is most pronounced at the initial portion of the curves 
since defining initial conditions is of utmost importance to this study. 
Considering Figures 29 through 35, it is apparent that the stress-
strain relationship is a function of the initial density of the soil and 
the octahedral normal stress. Specifically, for a given constant octa­
hedral normal stress there is a reduction in the maximum shearing strength 
with a decrease in the initial density. This is of course consistent 
with the results of standard triaxial compression tests. Since the tests 
were performed as stress-controlled tests it was not possible to distin­
guish between peak and ultimate strengths. 
From Figure 35 it can be seen that the octahedral normal stress 
has a substantial influence on the shearing strength of a sand tested at 
a given initial density. This phenomena has been cited by other 
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investigators and is the basis of the extended Huber-Von Mieses and the 
Tresca failure hypothesis. 
To illustrate the effect of the octahedral normal stress on the 
shearing strength of the soil, a plot of the octahedral normal stress 
versus the octahedral shear stress at failure was prepared for the sand 
in a dense and in a loose state (Figure 36). From the figure it can be 
seen that there is a linear relationship between the octahedral shear 
stress at failure and the octahedral normal stress. The slope of the line 
represents the ratio of the octahedral normal stress to the octahedral 
- shear stress at failure. The ratio was found to be 1.4 and 1.6 for the 
soil in a dense and loose state respectively indicating that the initial 
density has a minor influence on the stress conditions at failure. This 
is attributed to the fact that as failure is approached, dense soils dilate 
while loose soils consolidate. Consequently the difference in densities 
at failure is much less than at the beginning of the test. 
The existence of this definite relationship does lend support to 
the Huber-Von Mieses and the Tresca failure concepts. 
Of greater significance to this particular investigation is the 
apparent decrease in initial tangent modulus with a decrease in density 
for a given constant octahedral normal stress. This will be considered 
in greater detail in a subsequent analysis. 
Evaluation of the Shear Modulus 
The modulus of shear as defined by equation (IV-l) is the slope 
of octahedral shear stress-strain curve obtained for a constant octa­
hedral triaxial compression test. From Figures 29 through 35 it is evi­
dent that the shear modulus is: 
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Slope = 1.4 
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Figure 36. Relationship Between Octahedral Normal Stress 
and Octahedral Shear Stress at Failure.-
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1. A decreasing function of the octahedral shear stress for a 
given initial density and a constant octahedral normal stress. 
2. An increasing function of the initial density for a given 
constant octahedral normal stress. 
3. An increasing function of the octahedral normal stress for a 
given initial density. 
Thus the shear modulus may be expressed in a very general form by 
G = f(d , T , e ) v o' o' c 
In developing the above relationship either analytically or 
graphically it is necessary to define the limits of each independent 
variable. The limits of the octahedral normal stress and the initial 
density must necessarily be limited to the range investigated. The selec­
tion of a limit for the octahedral shear stress is however somewhat more 
arbitrary. 
Since the shear modulus is by definition, an elastic constant, then 
its application in soil mechanics problems should correspondingly be 
limited to that range of stresses for which the accompanying strains are 
of a relatively small magnitude. This would eliminate the stress range 
just prior to and during failure, where strains are relatively large. 
On the basis of the above reasoning and the fact that in prac­
tical soil mechanics problems the working stress is generally based on a 
safety factor of 3 or more, it was decided to develop a solution for the 
modulus of shear over an octahedral shear stress range of 0 to 40 per 
cent of the ultimate stress. 
Equations of the following form were used to relate stress and 
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strain. 
T = C - ̂  In (G - B T ) (IV-7) 1 o B v o o 
in which B = the variation in shear modulus with octahedral shear 
G q = the initial tangent shear modulus for a specified density 
C = integration constant evaluated on the basis of initial 
conditions. 
It was subsequently discovered that the equations were inadequate 
for the solution of the settlement of a rigid plate on the surface of a 
cohesionless soil. The inadequacy is a consequence of the fact that, 
although the average stress under a loaded area may be well below the 
ultimate, there are points at which the combination of stresses are such 
that failure conditions exist. Since the analysis was based on the actual 
rather than the average stresses, it became necessary to define the stress-
strain relationship up to and including failure. 
As a result, new stress-strain relationships had to be estab­
lished. The form previously used was not suitable when extended to include 
failure. Kondner and Zelasko (12) have shown that the stress-strain curve 
for a triaxial compression test performed on a sand can be expressed by 
means of a two parameter rectangular hyperbolic function. In their solu­
tion, the principal stress difference is related to the axial strain. In 
view of the similarity of such a curve to the octahedral stress-strain 
curve it was decided to express octahedral shear stress-strain relation­
ship by a hyperbolic function. 
* 
Although the principal stress difference may be converted directly 
to the octahedral shear stress by the use of an appropriate constant, the 
axial strain cannot be similarly converted to octahedral shear strain. 
Bl 
The details of Kondner's method of obtaining the parameters and 
the function are given in reference (12) and will not be repeated here 
since only the form of the equation, and not the method was used. The 
following is a brief outline of the principle of Kondner's method. 
Considering Figure 37 as representing the nature of a typical 
stress-strain curve for a triaxial compression test in which the speci­
men is tested to failure, it is seen that at very large strains, or as 
failure is manifested, the stress-strain curve approaches a horizontal 
line. Thus it can be assumed to be asymptotic to a horizontal line. As 
well, it may be considered to be asymptotic to a vertical line passing 
through a point to the left of the origin.. The asymptotes may be expressed 
in which d denotes the principal stress difference and e denotes the 
axial strain. 
The equation of the associated hyperbola may be written as: 
as: 
e + a = 0 (IV-8a) 
d - p = 0 (IV-8b) 
e d - pe + ad = 0 (IV-9) 
ct 1 Letting a = — , and b = — then 
equation (IV-9) may be rewritten as: 
e (IV-10) d = a + be 
By evaluating the derivative of equation (IV-10) at e = 0 and by 
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asymptote a - 3 = 0 
0 STRAIN e 
Figure 37. Illustration of the Use of a Two Parameter 
Hyperbolic Function to Relate Stress and Strain. 
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taking its mathematical limit, it can be shown that l/a represents the 
initial tangent modulus while l/b represents the ultimate stress of the soil. 
Kondner defines l/a and l/b by the following expressions: 
- = C + D a a o 
h = A + B <5~ b o 
in which A, B, C, and D are constants that are obtained from the 
analysis of triaxial test results. It is noteworthy that he expresses 
both the initial tangent modulus l/a, and the ultimate stress l/b, as 
a function of the octahedral normal stress. The expressions however are 
not of a general form and for any specific density a series of triaxial 
compression tests at the specified density are required for their solu­
tion. 
The author made use of the hyperbolic function in the form given by 
equation (IV-10). By the selection of proper coordinates for the stress-
strain plot, the initial tangent modulus was made to represent the initial 
shear modulus while the ultimate stress was expressed in terms of octahedral 
shear. As applied to this set of coordinates equation (IV-10) may be 
rewritten as 
Y 
T = — 2 - (IV-11) o a + b y v ' o 
General expressions and particular solutions were obtained for the para­
meters l/a and l/b. These parameters were expressed as functions of the 
octahedral normal stress, the octahedral shear stress, and the initial 
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density of the soil. The following sections deal with the development of 
the stress-strain hyperbolic function. The terms "initial tangent paramo 
eter" and the 'Ultimate stress parameter" will be analogous to the 1/a 
and 1/b parameters respectively. They are not identical in that 
Kondner relates them to principal stress difference and axial strain 
whereas the author relates them to octahedral shear stresses and strains 
as well as initial density. 
Initial Tangent Parameter, a 
To obtain the initial tangent shear modulus parameter for the test 
series, the aforementioned "average" stress-strain curves were plotted to 
an enlarged scale, zero corrections were applied where necessary and the 
initial tangent moduli were computed. The moduli for a given octahedral 
normal stress were plotted as a function of relative density and a smooth 
curve was then drawn through the points. A family of curves was thus ob­
tained as depicted by Figure 38. A second family of curves was then drawn 
showing the relationship between the initial tangent shear modulus and 
octahedral normal stress for varying magnitudes of relative density (Fig­
ure 39). It will be noted that the curves were extended to pass through 
the origin. This implies that under a zero octahedral normal stress, 
the soil has no measurable shearing resistance. This assumption is not 
strictly correct but it is felt that it is a valid approximation of a 
condition that cannot be experimentally verified. 
Insofar as the relationship between the initial shear modulus, the 
initial density, and the octahedral normal stress is concerned, it can be 
stated that no simple function relates these three variables. Figure 39 
implies that, contrary to Kondner's assertion, the initial tangent modulus 
Figure 38. Relationship Between Initial Tangent Shear Modulus and 
Relative .Density for Different Octahedral Normal Stresses. 
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Figure 39. Relationship Between Initial Tangent Shear Modulus and Octahedral 
Normal Stress for Different Relative Densities. 
87 
is not a linear function of the octahedral normal stress for a given den­
sity. The deviation from linearity is particularly significant at low 
octahedral normal stresses. However in view of the difficulty of 
defining the intergranular stresses under small externally applied normal 
stresses, any conclusive statement regarding the response of a soil under 
low "observed" normal stresses is presumptuous. As mentioned previously, 
the existence of prestress in granular soils has been verified experi­
mentally. This prestress would intuitively become highly significant at 
small externally applied normal stresses. 
No serious attempt was made to obtain an expression relating the 
three variables since it was felt that an extended investigation should 
precede any such analysis. The graphical solution as depicted by Figure 
39 was used throughout the investigation. 
Ultimate Stress Parameter, b 
The b parameter contained in equation (IV-10) was solved for 
directly in the following manner. Several corresponding sets of stress-
strain data were taken from the average stress-strain curve of a test 
series. By means of equation (IV-ll) and the solution for the initial 
tangent modulus (Figure 38), the corresponding values of b were com­
puted. The average of the several b values representing one test series 
was used in the mathematical expression relating the octahedral shear 
stress and strain. This was repeated for each test series and the mathe­
matical expressions and their associated plots are included in the figures 
presenting the experimental stress-strain data (Figures 19 through 28). 
From a comparison of the experimental data and the relationship 
based on the mathematical expression, it can be concluded that the two-
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parameter hyperbolic function is a good representation of the response of 
a cohesionless soil undergoing a constant octahedral triaxial compression 
test. 
The effect of initial density and octahedral normal stress on the 
b parameter, is illustrated by Figures 40 and 41. Figure 40 is a plot 
of the computed values of b versus relative density for constant values 
of octahedral normal stress. It is seen that a straight line can be used 
to approximate the relationship between relative density and the b param­
eter for a constant octahedral normal stress. 
Figure 41 illustrates the variation in the b parameter with octa­
hedral normal stress for a constant relative density as based on the 
assumed straight line relationship between b and relative density. The 
curves imply a rapid increase in the b parameter with decreasing octahe­
dral normal stress. At zero octahedral normal stress, the magnitude of b 
must approach infinity. Considering equation (IV-10) the mathematical 
limit as the axial strain approaches infinity is given by: 
T q = i (IV-12) 
Moreover for the condition of T = 0 , we have that a = 0 in 
o ' o 
which case b must equal infinity, in order that equation (IV-12) be 
satisfied. Consequently the solution for the b parameter could only 
be properly defined between the limits of d Q = 10 to 100 lbs. per sq. in. 
for the investigation concerned. This solution is given in graphical form 
in Figure 41. An analytical solution was not attempted but the nature of 
the relationship would suggest the feasibility of a mathematical repre­
sentation. 
Figure 40. Relationship Between "b" Parameter and Relative 
Density for Different Octahedral Normal Stresses. 
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Shear Modulus as a Function of Octahedral Normal Stress, Octahedral 
Shear and Initial Density 
In general, the shear modulus (G) is a function of the initial 
density of the soil, the octahedral normal stress, and the octahedral 
shear stress and can be expressed by: 
G = f(d , x , e r) o o c 
Based on the investigation, the following expression, which is the 
derivative of equation (IV-ll), may be used to relate the variables: 
G = G (1 - b T ) 2 (IV-12) o N o v 
in which: 
G q = ^ = shear modulus for a specific density and octahedral normal 
stress, and zero octahedral shear stress. 
= f(r»o, e c) as given by Figures 39 and 4 0 . 
b = parameter defining ultimate stress for a specific octahedral 
normal stress and initial density. 
= g(c*0, e ) as given by Figure 4 1 . 
Conclusions 
Based on the previously outlined investigation and analysis, the 
following conclusions pertaining to the shearing characteristics of the 
Chattahoochee River sand may be made: 
1. Constant octahedral triaxial compression tests offer an expe­
dient means of evaluating the response of a cohesionless soil to shearing 
action. 
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2. At failure, there is a unique relationship between the octa­
hedral normal stress and the octahedral shear stress: for the soil in a 
dense state, the ratio between the octahedral normal stress and the 
octahedral shear stress is approximately 1.4 while for the soil in a 
loose state it is approximately 1.6. 
3. The experimental octahedral shear stress-strain data may be 
represented by a two parameter hyperbolic function of the form 
o a + b r 
o 
4. The shear modulus defined as the instantaneous slope of the 
octahedral shear stress-strain curve is a function of the initial density 
of the soil, the octahedral normal stress and the octahedral shear stress, 
and may be expressed by the equation 
G = G (1 - b T ) 2 o o 
in which: G q = shear modulus corresponding to zero octahedral shear, 
and which is a function of the initial density of the 
soil and the octahedral normal stress, 
b = a parameter that is a function of the octahedral normal 
stress and the initial density of the soil, and which is 
the inverse of the ultimate stress of the soil at the 
designated density and octahedral normal stress. 
PART B 
THE ANALYSIS OF DEFLECTION UNDER A UNIFORMLY DISTRIBUTED 




Present Methods of Analysis 
The subject of stresses and displacements in a semi-infinite body 
due to a force acting on the boundary has received considerable treatment 
since its inception by Boussinesq (32) in 1885. The Boussinesq solutions 
yielded the stresses and displacements for any point in a semi-infinite 
mass due to a vertical concentrated force acting on the boundary. The 
solutions have been extended to distributed loads acting over a finite 
portion of the boundary. This was first done by Love (33) in 1928, who 
developed general solutions in partial derivative form. Since then, numer­
ous particular solutions have been developed by many investigators to 
include: distributed loads of variety of nature; a variety of boundary 
conditions; and non-homogeneity and non-isotropy of the soil. It is not 
the author's intent to review these particular solutions here because of 
the vast number of them and because they have been well reviewed in the 
writings of such authors as Scott (34), Florin (35), Jurgenson (36) and 
Sowers and Vesic (37). 
The solution for the deflection of a point on the surface of a 
semi-infinite, homogeneous isotropic, elastic solid due to a distributed 
load acting on the boundary as based on the Boussinesq stress distribu­
tion is generally in the form of equation (V-l). 
. 2pa (1 - v 2) j ( 1 } 
E w 
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in which: w = deflection of the point 
p = average unit load on the boundary 
v = Poisson's ratio 
E = Young's modulus or modulus of deformation 
2a = a measurement of the geometry of the loaded area; 
(diameter for circular area, side for square, etc.) 
I = settlement factor the magnitude of which depends upon; w 
the shape of the loaded area; the position of the point 
with respect to the loaded area; and the nature of the 
distribution of the boundary force. 
The equation was obtained by the integration of the Boussinesq 
stress distribution. The solution is based on the assumption of a semi-
infinite, homogeneous, isotropic medium, having a constant Poisson's ratio 
and a constant modulus of deformation. According to equation (V-l), the 
deflection is sensitive to variations in the modulus of deformation but is 
much less sensitive to variations in Poisson's ratio. For this reason it 
is not uncommon to find the solution written in terms of the modulus of 
deformation and an assumed Poisson's ratio of 0.5. 
It is generally contended that the above equation when applied to 
cohesionless soils is inadequate primarily because of the assumption of a 
constant modulus of deformation. It is recognized that the modulus of 
deformation is a function of the confining pressure and must not only vary 
from point to point within the mass, but must also change with each change 
in magnitude of the unit load on the boundary. 
Several investigators have attempted, with varying degrees of 
success, to take into account the variation of the deformation modulus. 
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Mazanti (38) established an empirical relationship between the 
modulus of deformation and the lateral confining pressure based on tri­
axial compression tests performed at constant cell pressures. The modulus 
of deformation was taken as the instantaneous slope of the principal 
stress difference versus axial strain curve. In his settlement analysis 
he considered the soil to consist of several horizontal layers having 
different moduli. The moduli were obtained on the basis of his pre­
determined relationship, using a computed lateral pressure in the soil. 
The lateral pressure was taken as a percentage of the vertical pressure 
which was computed on the basis of a pyramidal stress distribution. The 
deflection of the plate was taken to be the sum of the vertical strains 
of a column of soil under the plate. A criticism of his analysis is the 
method of correlation of laboratories and field stress conditions. Prin­
cipal stresses were used to define the modulus of deformation in the labora­
tory, while vertical and horizontal stresses were used in the field. These 
are only identical along the axis of symmetry. 
A solution for the stresses and deflection in a layered solid 
system has been developed by Burmister (39), and Acum and Fox (40), for 
the purpose of flexible pavement design. 
In predicting the settlement of circular foundations resting on a 
cohesionless soil, it may be stated that equation (V-l) receives widest 
use because of its simplicity and the lack of a better approximation. 
Moreover, it is obvious that equation (V-l) will yield a solution that 
provides excellent agreement between the predicted and the observed 
deflection for a specific footing diameter, and footing load. It merely 
requires a judicious selection of elastic constants E and v. However, 
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the same constants will not yield good agreement if either, or both, foot­
ing size and footing load are changed. It is generally an accepted fact 
that to obtain good agreement, the elastic constants must be changed. 
With regard to changing the elastic constants according to footing 
size and/or footing load, or some other measure of the change in stress 
conditions, it is the author's contention that E as conventionally 
defined by the instantaneous slope of a stress-strain curve is not a 
parameter that can be properly correlated to stress conditions in a soil 
mass. It pertains to and is defined only in terms of, stresses and 
strains manifested in a triaxial compression test. Alternatively, the 
use of a bulk and shear modulus permits a direct correlation between stress 
conditions in the field and the stress conditions that define the two 
moduli. The following sections deal with the development of a settlement 
equation in terms of bulk and shear moduli., 
Method of Analysis 
It was proposed to define the stress-strain response of a cohesion-
less soil mass under the action of a circular, uniformly loaded area, in 
terms of volumetric and shearing components. The bulk and shear moduli 
were used to characterize the respective components. The soil was treated 
as a multilayered system, with each layer having a shear and bulk moduli 
in accordance with the prevailing stress conditions in that layer. Exist­
ing equations for settlement based on the theory of elasticity and expressed 
in terms of Young's modulus were modified so as to include the bulk and : 
shear moduli in place of Young's modulus and Poisson's ratio. 
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Stress Distribution 
The stress distribution throughout the soil mass was required since 
the elastic parameters K and G are functions of the stress system0 The 
moduli have been defined in terms of prevailing effective stresses and 
therefore stresses due to body forces as well as stresses due to the dis­
tributed load acting on the boundary must be considered. 
Stresses Due to Body Forces. The stresses due to body forces in 
terms of cylindrical coordinates are as follows: 
d z = r z (v-2) 
dfl = 0 = K 6 (V-3) 0 r o z s 
T = 0 (V-4) rz x 
in which: y = effective unit weight of the soil 
z = depth at which stresses are being evaluated 
K q = coefficient of earth pressure at rest. 
The coefficient of earth pressure at rest of the Chattahoochee sand 
was investigated by Moore (41). His investigation showed that K q was 
relatively independent of the density of the sand and was approximately 
equal to 0.48. This value was used in equation (V-3). 
Stresses Due to Distributed Load Acting on the Boundary. The 
stresses due to the distributed load were obtained from the solutions 
developed by the U. S. Waterways Experiment Station (42, 43) for a uni­
formly loaded circular area. The solutions are based on the Boussinesq 
theory of stress distribution for a semi-infinite homogeneous isotropic 
elastic solid, and on the theory of superposition. 
OQ 
An experimental investigation of the stress distribution in a homo­
geneous sand was conducted by the U 0 S, Waterways Experiment Station (43). 
Their results indicated that in general there was reasonable agreement 
between the measured stresses and the computed stresses based on the 
Boussinesq theory. The largest discrepancy in the vertical stresses was 
directly below the loaded area at shallow depths, where the measured 
stresses were approximately 20 per cent larger than the computed stresses. 
The deviations diminished considerably with depth and/or horizontal distance 
from the loaded area. The measured horizontal stresses were found to be 
somewhat lower than the theoretical stresses at shallow depths but the 
trend was reversed at greater depths. 
The Boussinesq theory of stress distribution was adopted because 
of the generally good agreement found between the measured and theoretical 
stresses and because of the lack of a better method applicable to this 
investigation. It is recognized that the Boussinesq theory can only serve 
to approximate the actual stresses and also that there is an incompati­
bility between the assumptions on which the stress computations are based 
(homogeneity and isotropy) and the assumptions on which the deflections 
are based (non-homogeneity and isotropy). 
The method for determining the octahedral normal and shear stresses 
was as follows: 
Stresses due to the distributed load were computed in terms of 
cylindrical coordinates, using the developed solution for a Poisson's 
ratio of 0.33. The stresses due to the body forces were added. 
The stresses in terms of cylindrical coordinates were converted to 
principal stresses by means of the following equations. 
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rt + a ± z r ± J { 6 -d ) 2 + (2T ) 2 r V v z r v rz (V-5) d d 2 or d 3 2 
d 2 or d 3 di '0 (V-6) 
The principal stresses were converted to the octahedral normal and 
shear stresses by means of equations (IV-2) and (IV-3). 
Evaluation of the Bulk and Shear Moduli 
Stress Computations. As mentioned previously, because of the 
availability of particular solutions for stress distribution it is possi­
ble to develop a 3 dimensional model of stress contours. A corresponding 
3 dimensional model of moduli contours may be obtained which would yield 
surface deflection contours due to any boundary force system. 
This study however was limited to the analysis of the deflection 
under the circular area over which the load is applied. Specifically, the 
deflection at the center and the edge of the circular area was determined. 
The stresses were computed at the following depths (expressed as 
multiples of the plate radius): 0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.5, 
2.0, 2.5, 3.0, to 26.0 in one plate radius increments. The depth of 26 
plate radii represents the bottom of the cylindrical concrete pit in which 
the tests were conducted. 
The stresses were computed for every two lbs. per sq. in. boundary 
stress increment. Thus, for every load increment, the stresses were compu­
ted at 34 depths in terms of cylindrical coordinates. These stresses were 
then converted to principal stresses and then to octahedral stresses. In 
view of the numerous calculations involved, the stress distribution analysis 
was carried out by means of a computer program. 
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Computation of the Bulk Modulus. At each depth at which the octa­
hedral normal and shear stresses were evaluated, the corresponding bulk 
and shear moduli were determined. 
It will be remembered that the bulk modulus was a function of the 
octahedral normal stress for a given initial relative density. Moreover, 
it was shown that over a specific stress range the modulus was linearly 
related to the octahedral normal stress. Two such linear expressions 
served to define the relationship over a stress range of 0 to 100 lbs. 
per sq. in. A computer program was used to solve for the bulk modulus 
utilizing the parameters given in Figure 16. 
Computation of the Shear Modulus. The general solution for the 
shear modulus as given by equation (IV-12) is: 
G = G (1 - b T ) 2 o v o 
This solution applies only to a stress system in which the ratio 
of the octahedral normal to the octahedral shear stress is greater than 
1.4 for dense soils and 1.6 for loose soils. If the ratio is less, then 
failure conditions prevail. Preliminary calculations indicated that 
failure conditions did in fact prevail under the loaded area at very 
shallow depths. It was therefore necessary to assign a shear modulus to 
the zone of local failure for which there was no experimental data since 
the laboratory tests were carried out to incipient failure only. The 
method used was to assign a constant shear modulus (G . ) to the zone 
x m m 
based on failure conditions measured in the laboratory. This implied that 
the ratio of the octahedral normal stress to the octahedral shear stress 
could not be smaller than some predetermined value. 
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It was also necessary to approximate the shear modulus for low 
values of the octahedral normal stresso The investigation of the ulti­
mate stress parameter indicated that at very low octahedral normal 
stresses, the b parameter was very large and approached infinity as 
the octahedral normal stress approached zero. This made it difficult 
to establish a value for b at low octahedral normal stresses and so 
a second approximation of the shear modulus was established for the 
case where the octahedral normal stress was less than 5 lbs. per sq. in. 
The approximation was of the following form 
T (G - G . ) 
G = G -VA7 m i n (V-7) o 0.67 a N o 
which merely indicates that the shear modulus decreases linearly with the 
octahedral shear from the initial tangent modulus to the minimum value. 
The rate of decrease is based on the octahedral shear stress at failure 
expressed as a function of the octahedral normal stress. 
The shear modulus for all other situations was calculated on the 
basis of equation (IV-12), and the graphical solutions for G q and b 
as given by Figures 39 and 41 respectively. 
Thus the solution for the shear modulus was obtained in accord­
ance with one of the following categories: 
1. Failure conditions prevailed. 
2. The octahedral normal stress was less than 5 lbs. per sq. in. 
but failure conditions did not prevail. 
3. All other stress conditions. 
A computer program was used to obtain the solutions. Since only 
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graphical solutions were developed for "G " and "b," it was necessary 
to provide the computer with a set of specific values in place of a general 
expression,. This was done by considering a single curve to consist of a 
series of straight lines for which the slopes could be defined. 
It should be pointed out that the procedure as outlined could be 
simplified in the following two ways: 
L By assigning to the parameter b a finite value when d Q = 0. 
This would enable the determination of G for all values of a and T 
o o 
by means of equation (IV-12) and would eliminate the second category. 
2. By establishing mathematical expressions for the relations 
between the initial tangent shear modulus and the independent variables, 
and for the relationship between the ultimate stress parameter b and its 
independent variables. This would avoid the need of approximating the 
relationships by a series of short straight lines. 
Deflection Analysis 
The deflection of a point on the surface of a semi-infinite mass 
due to a uniformly distributed load acting over a circular area can be ob­
tained from equation (V-l) using the appropriate settlement factor I . 
The solution in this form cannot be used to obtain the deflection at any 
point within the mass. 
More general solutions yielding the deflection at any point within 
a semi-infinite mass have been developed which permit the computation 
of the contribution of any layer within the mass by the method of differ­
ences. Such an equation has been developed by the U. S. Waterways Exper­
iment Station (42, 43) for the case of a uniformly distributed load. It 
is a very complex equation involving several functions and will not be 
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repeated here since it is not in a form which is readily comprehensible. 
To facilitate its use, the functions have been evaluated and tabulated 
for a coordinated pattern of points within the semi-infinite mass. 
For the special case of the settlement of a point along the ver­
tical axis of symmetry the general expression is reduced to the following 
form (44): 
p_a w z = (1 + v) £ j^sin a + (1 -2v) 1 - cos a sin a (V-8) 
in which: = settlement of a point at a vertical distance of z from 
the boundary. 
. -1 a a = tan -
It can be seen that equation (V-8) reduces to equation (V-l) (with 
a settlement factor of 1.0) for a point at the surface. 
Equation (V-8) as well as making possible the computation of the 
contribution of any specific layer, permits the separation of the deflec­
tion into volumetric and shearing components^ This is accomplished by mul­
tiplying through by (̂  * V ) and making the substitution 
K = 3(1 - 2v) ' G = 2(1 + v) ' v = 
3K - 2G 
2(3K +G) 
Equation (V-8) can be written as: 
w = pa z r 
1 + 
- sin a + 
3K - 2G 
2(3K +G) 1 - cos a 
3K sin a (V-9) 
Equation (V-9) permits the computation of the settlement of the 
center of a uniformly loaded area for the following conditions: a multi-
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layered mass of finite depth; each layer a homogeneous isotropic solid 
having elastic constants G and K which are functions of the soil and 
the stress system in the layers. It should be pointed out that in 
reality the equation is the solution for a non-homogeneous, isotropic 
mass with the non-homogeneity arising from variations in the stresses 
rather than from a variation in soil properties. 
A computer program was used to solve equations (V-9). A program 
was used that solved first for the stresses, then the associated bulk 
and shear moduli, then the compression of the layer. The compression of 
the individual layers were summed up to obtain the deflection at the 
surface. 
Another computer program was set up for determining the stresses, 
bulk and shear moduli, and deflections for the same number of layers 
along a vertical line passing through the periphery of the plate. The 
method for determining the stresses and moduli was similar to that dis­
cussed earlier. The general expression for the settlement at any point 
within the mass could not be simplified for the case of deflection along 
the edge, and so the following procedure was adopted. 
In a previous investigation by Vesic and Domaschuk (45) numerical 
values of the various functions contained in the general expression for 
deflection were combined into a single settlement factor which reduced the 
equation to a form identical with that given the equation (V-l). The equa­
tion could not be used in this form for the author's investigation since 
it is in terms of Young's modulus. Nonetheless, by means of these settle­
ment factors, the settlement at points other than along the axis of symme­
try can be expressed as a fraction of the settlement of corresponding 
106 
points along the axis of symmetry, due regard being paid to the use of 
appropriate moduli. 
Figure 42 illustrates the relationship between the settlement of 
a point along a vertical line passing through the periphery of the plate 
and the corresponding point along the axis of symmetry for constant elastic 
parameters. This relationship was used in computing the deflection of a 
point on the edge of the uniformly loaded circular area. 
Load-Settlement Analysis of a Rigid Plate Resting on the Surface of a 
Cohesionless Soil 
The contact pressure under an absolutely rigid plate resting on 
the boundary of a semi-infinite mass was solved for by Boussinesq (32) 
and is given by: 
p = E — — (V-lOa) 
2 2 2'7Ta J a - r 
in which: p = contact pressure 
P = total load on the plate 
a = plate radius 
r = horizontal distance of the point in question from 
the center of the plate. 
Thus, in accordance with the equation, the contact pressure varies 
from a minimum 
p . = — — z (V-lOb) 
2-rra 
at the center of the plate, to a maximum of infinity at the edge of the 
Figure 4 2. Ratio of Settlement Factors versus Depth 
for a Uniformly Loaded Circular Area. 
o -J 
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plate where r = a (Figure 43a). In reality, the material along the edge 
yields causing a redistribution of pressure. The redistribution of pres­
sure is governed by the shear strength of the medium in the immediate vicin­
ity of the edge of the plate. The net result is a considerable decrease 
in pressure from the theoretical at the edges, and an associated increase 
in pressure towards the center of the plate. Figure 43b illustrates such 
a pressure distribution for the case of a medium exhibiting a relatively 
constant shear strength. 
For a rigid plate resting on the surface of a cohesionless soil, 
the pressure that can be developed at the periphery of the plate is neces­
sarily limited because of the soil's dependence on lateral confinement 
for shearing resistance. In this respect the edge effects are more sig­
nificant in the pressure redistribution under small plates than under 
large plates. 
Experimental investigations of the nature of the contact pressure 
distribution under a rigid foundation resting on a cohesionless soil have 
been conducted. Early experiments using model tests by Kogler and Scheidig 
(46) indicated a convex parabolic pressure distribution which became more 
uniform as the size of the footing was increased or as the depth of founda­
tion was increased. More recent tests by Schultze (47) and Bub (48) have 
indicated that by increasing the footing size and/or footing depth, a 
concave parabolic pressure distribution may be manifested. 
Schultze compiled the results of eleven case histories involving 
the measurement of rigid footing contact pressures in buried foundations. 
Out of the eleven case histories, eight showed an accumulation of pres­
sure at the edges. On the basis of his findings he has developed an 
1 0 9 
(c) As Determined Experimentally 
Using Small Plates 
(d) As Determined Experimentally 
Using Large Plates or 
Increasing Footing Depth 
Figure 43. Illustration of the Pressure Distribution 
Under a Rigid Footing. 
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el a s tic-plastic expression for rigid footing contact pressures, which com­
bines the stress calculated according to the Boussinesq theory and the 
ultimate stress that can be developed at the edges in accordance with 
the Prandtl-Buisman theory of plastic equilibrium. The resulting pres­
sure distribution is a function of the factor of safety against shear 
failure and may vary from full convex parabolic for a safety factor of 
one, to concave parabolic for a safety factor of two or three. 
Figures 43c and 43d illustrate the nature of the pressure distri­
bution as determined by experimental investigations. 
Thus the experimental evidence indicates that for footings rest­
ing on the surface of cohesionless soil, the boundary pressure distribu­
tion can vary from convex parabolic to concave parabolic depending upon 
footing size. In many instances it approaches a uniform pressure distri­
bution. In view of this, a uniform pressure distribution was assumed for 
all theoretical calculations. To utilize a pressure distribution other 
than uniform, would require its determination by experimentation since it 
has been demonstrated to be influenced by footing size and depth. 
The solution for the settlement of a rigid circular plate resting 
on the surface of a semi-infinite mass was developed by Schliecher (49) 
and is of the form given by equation (V-l). The corresponding settlement 
factor is 0.79. 
The settlement factors for the centre, the edge, and the average 
settlement, of a circular uniformly loaded area are 1.0, 0.64, and 0.85 
respectively. 
Thus it is seen that the average settlement of a flexible circular 
footing is very nearly identical to that of a rigid circular footing 
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despite the vastly different natures of assumed boundary pressure distri­
butions., This would infer that the nature of the boundary pressure 
distribution has only a small influence on the magnitude of overall 
deflection of the footing. The difference in deflections lies primarily 
in the shape of the deflection bowl within and immediately adjacent to 
the loaded area, the importance of which lies in the computation of 
stresses in the foundation itself. 
Since the experimental investigations have indicated that the 
pressure distribution under a rigid plate tends towards a uniform dis-
tribution? and since the overall deflection is not significantly affected 
by the nature of the pressure distribution it was felt that rigid plate 
bearing tests could be used to assess the validity of the concept of using 
stress dependent shear and bulk moduli for deflection computations. 
Furthermore, to develop an apparatus that would ensure a uniform 
pressure distribution, and that would be sufficiently flexible to deflect 
without any restraint, would have been time consuming and costly. 
A more deciding factor was the practical application of the con­
cept. There are very few instances in which the member through which the 
distributed load is applied is completely flexible. One such instance 
would be a wheel load on a flexible pavement. However, the solution of 
this particular problem is better treated by methods incorporating repeti­
tive and dynamic loading. The author's intent was to apply the concept to 
the settlement of foundations on cohesionless soils. In this respect the 
load transmitting member is generally semi°rigid to rigid with the excep­
tion of thin slabs which are Dften flexible. As well, by extending the 
concept to the settlement of foundations, it is possible to test its 
validity by analyzing case historieso 
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CHAPTER VI 
EXPERIMENTAL INVESTIGATION OF THE SETTLEMENT OF A RIGID PLATE 
RESTING ON THE SURFACE OF A SAND 
Eguipment and Materials 
Test Pit and Loading Equipment 
The tests were conducted in a cylindrical pit, 8 ft. 4 in. in 
diameter and 22 feet deep0 The pit consists of corrigated pipe incased 
in concrete and has a concrete floor0 
A 200 ton capacity f:~ame over the pit acts as the reaction for load­
ing purposeso The frame may be readily moved off the pit when not in use. 
Attached to the frame is a ',!00 ton capacity hydraulic jack that may be 
used for loading purposes 02 may be used for the vertical positioning of 
other loading apparatus. 
The loading head of a Karol-Warner Conbell high pressure consolidom-
eter was used up to its capacity of approximately 6 tons. For larger loads 
a 20 ton hydraulic jack was used. 
The advantage of the 3onbel loading apparatus was, that it was air 
activated and hence required no manual adjustments to compensate for the 
plate deflections that occur.:ed<, It provided a more accurate method of 
load application than could be achieved with the hydraulic jack. 
Deflection measuremen-<s were made by micrometer dial gages (0.001 
inch precision) mounted on the edges of the plate. 
The test apparatus is shown in Figures 4 4 and 4 5 . 
Figure 45. View of Instrumentation. 
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Model Foundation 
A 17o5 inch diameter steel plate, made rigid by use of radial 
stiffeners, was used as the model foundation. The size was selected so 
as to maintain minimal side1 effects due to the rigid walls of the pit0 
Soil 
A micaceous sand identical to that used in the bulk and shear 
modulus studies was used fcr the plate load tests0 
Test Procedure 
Placing of Sand and Control of Density 
A plate load test was conducted on the sand in a loose, medium, 
and dense state. 
The loose state was achieved by pouring the sand through a long 
flexible six-inch diameter :ubing. The sand was not permitted to drop 
into place but was allowed :o accumulate in the bottom of the tubing from 
which it was poured into plcice. 
A medium state of density was achieved by allowing the sand to 
fall through a distance of approximately three feet. The previously estab­
lished relationship between height of fall and density indicated that for 
heights of fall in excess of 30 inches the density remained practically 
constant. An eight-foot diameter container with a perforated bottom was 
used for controlling the height of fall. It was lowered and raised as 
required by means of an overhead winch. 
The dense state was attained by placing the sand in approximately 
six-inch layers and vibrating it by surface vibrators. 
In each instance, a one penetrometer was used to determine the 
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density by a method devised in conjunction with previous tests on the same 
sand (29). The cone penetrometer was forced into the sand by means of a 
screw jack at a rate of approximately four in. per minute. Total resist­
ance to penetration was recorded at two inch depth intervals. The 
resistance was converted tc an equivalent unit end resistance which was 
then converted to density according to an empirical relationship. 
The density tests were performed at three different locations in 
the pit. The densities thus obtained varied in a random manner and the 
mean was used in the theoretical considerations. 
Loading Procedure 
The load was applied in two lbs. per sq. in. increments for the 
medium and dense sand and ii one lb. per sq. in. increments in the case 
of the loose sand. 
After each load increment, sufficient elapsed time was permitted 
to ensure almost complete s:atic equilibrium. A new load increment was 
applied after the rate of deflection was equal to or less than 0.002 inches 
in a period of five minutes. The time required to reach this rate in­
creased with load from approximately 10 minutes at small loads to 60 min­
utes as failure was approached. 
Discussion of Test Results 
The results of the plate load tests along with other pertinent 
information is given in Figire 46. 
The load-settlement curves corresponding to the medium (Test No. l) 
and dense (Test No. 3) sands are typical. They exhibit an initial por­
tion in which small increases in load cause small increases in deflection, 
Figure 46. Load-Deflection Data for 17.5 in. Diameter Rigid 
Plate-Load Tests on Surface of Sand. 
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and a latter portion in wh:.ch a small load increase results in a large 
increase of deflection. The point of transition which is sometimes referred 
to as failure, is more clearly defined in the case of the denser (Test No. 
3) soil. 
The load-settlement curve obtained for test No. 2 may be considered 
to depict failure in its entirety. 
In terms of mode of bearing capacity failure, general shear fail­
ure occurred in the case oi the dense sand, and local or punching shear 
failure occurred in the mecium and loose sand0 
Correlation Between Theoretical and Experimental 
Load-Settlement Curves 
Before discussing the correlation between the theoretical and 
experimental load-settlement curves it would be instructive to consider 
the nature of a theoretical curve in terms of the response of the soil at 
different depths and at different stress intensities acting on the bound­
ary. 
Variation in Octahedral Nornal and Shear Stresses with Depth 
To illustrate the variation in octahedral normal and shear stresses 
with depth, the stresses corresponding to a uniform pressure of 20 lbs Q 
per sqQ in., and a soil unit weight of 91°0 lbs. per cu. foot (Test No. 
l), were plotted versus depth along the axis of symmetry. The results are 
shown in Figure 47. 
The octahedral norma, stress is seen to decrease very rapidly to 
a minimum at a depth of approximately 4 radii and then to increase slowly 
and linearly with depth. To a depth of 4 radii, the boundary load 
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Figure 47. Variation in Octahedral Normal and Shear 
Stresses with Depth Along the Axis of 
Symmstry for a Uniform Pressure Distribution 
of 2 3 lbs. per sq. in. Acting on the Surface. 
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predominates while at depths beyond 4 radii, the body forces predominate0 
The octahedral shear stress increases to a depth of approximately 
0 o 7 radii, then decreases to a depth of about 6 radii, then increases 
linearly with depth. 
Since for the sand investigated, failure conditions prevailed when 
the ratio of the octahedral normal stress to the octahedral shear stress 
was less than approximately 1 . 5 , there was a zone, as indicated in Figure 
4 7 , in which failure conditions existed. 
Variation in Bulk and Shear Moduli with Depth 
For the stresses indicated in Figure 4 7 , the corresponding values 
of the bulk and shear moduli were presented graphically in Figure 4 8 . 
The bulk modulus is a function of the octahedral normal stress 
only, for a given initial density, and therefore its variation with 
depth is very similar to that of the octahedral normal stressQ 
The shear modulus, on the other hand, is a function of the octa­
hedral normal and shear stresses for a given initial density. Consequently 
its variation with depth diifers from that of the bulk modulus. The dis­
continuity at a depth of 1 8 radii is a consequence of the fact that a 
single continuous function was not used to relate the shear modulus to 
the stress system. 
The shear modulus in the zone of failure cannot be defined by pre­
viously established relationships and must therefore be assigned some 
arbitrary value in this zone as discussed previously. 
The significance of Figure 4 8 is that it points out the extreme 
variations in bulk and shear moduli in the immediate vicinity of the 
boundary where deflections a:?e the highest. It also implies that there 
Figure 4-8. Variation in Bulk and Shear Modulus with Depth along the Axis of Symmetry for a 
Uniform Pressure Distribution of 20 lbs. per sq. in. Acting on the Surface. 
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does not exist a single unique relationship between the bulk and shear 
moduli in terms of elastic constants only. 
Variation in Deflection with Depth 
To illustrate the variations in the deflection with depth a plot 
was prepared of the cumulative compression within the layers, expressed 
as a per cent of the total (Figure 49). The data corresponds to the 
stresses and moduli depicted in Figures 47 and 48. 
As can be seen from Figure 49, the major portion of the deflection 
is due to compression of the soil within a depth of approximately two 
diameters. 
Nature of the Theoretical Load-Settlement Relationship 
To obtain an indication and an understanding of the nature of the 
theoretical load-settlement curve it is necessary to examine the behavior 
of a point within the soil mass, to changes in the stress system. To 
illustrate the behavior, a point immediately below the plate (depth = 
0.4a), and a point at a greater depth, 7a, was selected. The variation in 
bulk and shear moduli with load intensity is given for each point in Fig­
ures 50 and 51. The compression of a thin layer containing each point is 
also presented in each respective figure. The actual magnitude of the 
compression of each layer should not be compared since the layer thick­
nesses are not equal. They are merely used to indicate the variation in 
deflection with load intensity. 
Considering first th? point at a depth of 0.4a, it is seen that 
both the bulk and shear modjli increase with load intensity. Conse­
quently the compression of the layer increases with load intensity but 
at a decreasing rateQ 
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Figure 49. Variation in Deflection with Depth for a 
Uniform Pressure Distribution of 20 lbs. 
per sq. in. Acting on the Surface. 
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Figure 50. Variation in Bulk Modulus, Shear Modulus, and the Compression of a 
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Figure 51. Variation in Bulk Modulus, Shear Modulus, and the Compression of a 
Thin Layer at a Depth of 7 Radii. 
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For the point at a cepth of 7a, the bulk modulus increases linearly 
with the load intensity at a very low rate while the shear modulus 
decreases linearly with load intensity at a low rate. The effect of the 
increase in bulk modulus is to reduce the rate of increase in deflection, 
while the effect of the decrease in shear modulus is to increase the rate 
of increase in deflection. The shear modulus effect is somewhat larger 
than that of the bulk moduljs causing a slight downward trend of the 
compression curve. 
Thus in some layers the load-deflection curve is of the nature 
depicted by Figure 50, whiL? in others it may be that depicted by Figure 
51. The load settlement curve of a point on the surface is the cumula­
tive sum of all layers and hence its nature will depend on the prevalence 
of the two types illustratecl„ 
From the figure it is evident that the assignment of a constant 
shear modulus to the zone oi local failure will result in a load-compres­
sion curve similar to that shown in Figure 50. 
It is instructive at this point to recall that in an elastic 
analysis based on a Young's modulus, the deflection of a point within the 
soil is directly proportional to the load intensity. Using bulk and 
shear moduli that are function of the stress system, it has been demon­
strated that the relationshio is not linear and may deviate in both 
directions from linearity. 
Comparison of Theoretical ami Experimental Load-Settlement Curves 
For comparative purposes, the experimental and the corresponding 
theoretical curves are presented on common plots in Figures 52, 53, and 
54. 
Figure 52. A Comparison of Experimental and Theoretical Load-Settlement 
Data for Plate Load Test No. 1. 
Figure 53. A Comparison of Experimental and Theoretical Load-Settlement 
Data for Plate Load Test No. 3. 
Figure 54. A Comparison of Experimental and Theoretical Load-Settlement 
Data for Plate Load Test No. 2. 
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The theoretical curves are based on a uniform pressure distribu­
tion on the boundary and therefore the deflection along the boundary is 
bowl-shaped. For a comparison of theoretical and experimental results, 
the load-deflection curve was obtained for a point in the center and a 
point on the edge of the uniformly loaded areae If the pressure distri­
bution under the rigid plate was also uniformly distributed, the load-
deflection curve for the plate would be expected to fall approximately 
mid-way between the two theoretical curves0 
As mentioned previously, it was necessary to assign a shear 
modulus to the soil within the zone where local failure prevailed, as 
defined by the ratio of octahedral normal to octahedral shear stresse 
It was felt that the shear nodulus based on the triaxial tests, at the 
stage just prior to complete failure of the sample, would be a good rep­
resentation of the shear modulus that could be used to characterize local 
failure. On this basis, tho value might range from approximately 100 to 
300 lbs. per sqQ in. The sand in a dense state would intuitively exhibit 
a higher value than when in a loose state0 The theoretical curves shown 
in Figures 52 and 53 are based on minimum shear moduli of 200 for the dense 
sand and 100 for the medium dense sand. In the case of the loose sand 
(Test No. 3), the load-settiement curve would imply failure at very small 
loads and the test took on the nature of a resistance to penetration test. 
It is interesting that by assigning a minimum shear modulus of 10 lbs. 
per sq. in., a reasonable theoretical proximity of the experimental load-
deflection curve is obtainec0 This would suggest the possibilities of 
obtaining a complete load settlement curve, by permitting the shear mod­
ulus to approach a very small value as overall failure became imminent. 
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Based on the assigned minimum values of shear moduli, it may be 
said that there is general]y fair agreement between the theoretical and 
experimental load-settlemert curves, insofar as relative magnitudes are 
concernedo There is consicerable deviation in the nature of the respec­
tive curveso The theoretical curves are for practical purposes of a lin­
ear nature whereas the experimental curves are concave downward. 
The reason for the linearity of the theoretical curves arises 
primarily from the use of a constant minimum shear modulus within the zone 
of local failure. It will :>e remembered that this imposition resulted in 
a load-deflection curve that had a decreasing slope. This had the effect 
of nullifying any tendency ror a load-deflection curve with an increasing 
slope. 
To illustrate the influence of the zone of failure, a load-settle­
ment curve was obtained for a hypothetical case using a surcharge of 10 
lbs. per sq. in. in conjunction with the data for the dense sand. The sur­
charge had the effect of eliminating local failure for an initial portion 
of the load-deflection relationship. The results are shown in Figure 55, 
As can be seen from Figure 55, the load-settlement relationship up 
to the point of the first occurrence of local failure, is non-linear with 
an increasing slope. This portion of the curve is important in that it 
truly illustrates the concept of utilizing variable bulk and shear moduli 
to characterize the response of the soil. 
Beyond the point of initiation of local failure, the theoretical 
points deviate from a smooth curve and there is a tendency towards lin­
earity as the extent of local, failure increases. 
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0 _ 5 10 15 20 25 30 35 40 
0.8 
1.0 | I I 1 1 | | I 
Figure 55. Theoretical Load-Deflection Relationship for Plate Load Test No. 3 
Combined with a Surcharge of 10 lbs. per sq. in. 
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As an alternative to the assignment of a constant shear modulus 
to the zone of local failurs, the following method was used. The shear 
modulus was expressed as a Linear function of the ratio of the octahedral 
normal stress to the octahedral shear stress and was permitted to approach 
zero as the ratio approached zero. This method was more consistent with 
the method of defining the Limit of the shear modulus as outlined in the 
shear modulus study0 
From the deflection equation (V-9) it is apparent that permitting 
the shear modulus to approach zero increases the magnitude of deflec­
tion substantially. To obtain good correlation between the magnitude 
of experimental and theoretical deflection, increased values of the shear 
modulus at incipient failure had to be used. For the dense sand a value 
of 300 was used in place of 200 and for the medium dense sand a value of 
200 was used in place of 10C. 
The results are giver in Figures 56 and 57. As can be seen from 
the figures, the method outlined had the effect of making the load-
deflection curves non-linear but not to the same degree as the experi­
mental curveso 
The merits of this apDroach to that of using a constant shear modu­
lus in the local failure zons cannot be properly assessed since each 
method is influenced by an assumed behavior of the soil under conditions 
of failure. 
Other possible reasons for the difference between the theoretical 
and experimental curves are: 
1. The effect of a non-uniform pressure under the rigid plate. 
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Figure 56. A Comparison of Experimental and Theoretical 
Load-Settlement Data: Load Test No, 1. 
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2. The actual stress distribution in the soil mass may be differ­
ent from that computed according to the Boussinesq theory. 
3„ Discrepancy between the behavior of a soil mass and that pre­
dicted on the basis of laboratory tests* 
Conclusions 
Based on a uniform pressure distribution acting over a circular 
area on the surface of a cohesionless soil, the following conclusions may 
be drawn regarding the behavior of the soil: 
lo The bulk and shear moduli defined in terms of octahedral 
normal and shear stresses, show considerable variance with depth, parti­
cularly within the depth of 0 to 2 diameterso 
2 0 The major portion of the deflection is due to the compression 
of the sand within a depth of 2 diameters0 
3. The load-compression relationship of a layer within the mass 
may be linear, may be non-1:.near with a decreasing slope, or non-linear 
with an increasing slope, depending upon the location of the layer with 
respect to the surface. Foi' layers along the axis of symmetry, as the 
depth is increased, the relationship changes from non-linear with decreas­
ing slope, to linear, to nor-linear with increasing slope. 
4 0 There is a local failure zone within the soil mass as defined 
by the ratio of the octahedral normal stress to the octahedral shear 
stress. 
5. The existence of local failure necessitates the assigning of 
a shear modulus to the soil within the failure zone, for which there is 
neither an empirical nor a theoretical basis. 
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6 . The effect of assigning a constant shear modulus to the failure 
zone is to render the load-deflection relationship linear, and thus nul­
lify to a large degree the entire concept of non-linear stress-strain 
response. 
7. The theoretical load-deflection curve is sensitive to the 
method of characterizing th= behavior of the soil in the local failure 
zone. 
8. The load-deflectLon curve for a no local failure condition is 
non-linear with a continuously increasing slope. 
Based on the experimental investigation of the settlement of a 
rigid plate resting on the surface of a cohesionless soil it may be con­
cluded that; 
1. The load-deflect .on curve is non-linear with an increasing 
slope. 
2. The degree of correlation between theoretical and experimental 
load-deflection data is influenced by the method used to characterize the 
behavior of the soil in the local failure zone. 
PART C 
CONCLUSIONS M D RECOMMENDATIONS FOR THE STUDY 
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CHAPTER VII 
CON XUSIONS FOR THE STUDY 
This chapter is devoted to the compilation and integration of the 
conclusions of the analytical and experimental studies that were investi­
gated separately. The order in which they are presented is not necessar­
ily the order in which they appeared in previous chapters. 
1. The stress-strain behavior of a cohesionless soil may be stated 
in terms of the volumetric and shearing components, with a bulk modulus 
and a shear modulus characterizing each component respectively. 
2. The bulk modulus is a function of the density of the soil and 
the octahedral normal stress 
3. For a given initial density, it was found that for the Chatta­
hoochee sand, two straight line segments served to relate the bulk modulus 
and the octahedral normal siress over an octahedral normal stress range 
of 0 to 100 lbs. per sq. in. 
4. The slopes of the straight line segments may be empirically 
related to the initial relative density of the soil. 
5. The intercept of the first segment is a function of the ini­
tial density of the soil» and an empirical linear relationship may be 
used to relate the two parameters. 
6. The octahedral normal stress at the common point of the two line 
segments, represents the point of maximum change in bulk modulus and may 
be empirically related to the initial relative density of the soil. 
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7. The solution for the bulk modulus at a specified octahedral 
normal stress, and at an initial relative density may be obtained by the 
use of four empirically determined parameters which define the initial 
tangent modulus, the rates of change of the modulus, and the octahedral 
normal stress at which there is a change in the rate of change in modulus. 
8. The volumetric s:rain-octahedral normal stress relationship 
obtained for isotropic compression tests may be represented by mathemati­
cal expressions of the form 
e = - In (B + m <i ) - C m o 
9. For the Chattahocchee sand and an octahedral normal stress 
range of 0 to 100 lbs. per sq. in., the elastic and permanent volume 
changes varied linearly (by parts), from (25.75) to (65:35) as the rela­
tive density was increased from 0.15 to 0.80. 
10. The modulus of shear as defined by the instantaneous slope of 
the octahedral stress-strain curve obtained for a constant octahedral 
normal stress triaxial compression test is a function of the density 
of the soil, the octahedral lormal stress, and the octahedral shear 
stress. 
11. The modulus of shear may be expressed by the equation 
G = G (1 - b T ) 2 o o 
12. The initial tangent shear modulus (G q) is a function of 
the octahedral normal stress and the relative density of the soil and 
may be empirically related tc these two parameters. 
13. The parameter b is the reciprocal of the octahedral shear 
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at failure and may be empirically related to the relative density of 
the soil and the octahedral normal stress0 
14o The octahedral stress-strain relationship may be represented 
by a two parameter hyperbol.c function of the form 
T = o a + b y 1 o 
15o For the Chattahoochee sand, there existed a unique relationship 
between the octahedral normal stress and the octahedral shear stress at 
failure. 
16o The deflection oi a point on or within a semi-infinite mass 
due to a uniformly distributed load acting over a circular area on the 
boundary may be expressed in terms of the bulk and shear moduli of the 
mass, assuming the Boussinesq pressure distribution, by the equations 
w = pa z 
1 + 3K - 2G 
1 . , 2(3K + G) 1 - cos a r sin a + *- — : 2G 3K sin a 
17 0 The bulk and shear moduli at any point within the mass may be 
defined in terms of the octaiedral normal and octahedral shear stress at 
that point. 
18. Assuming the Boussinesq stress distribution, the octahedral nor­
mal and shear stresses throughout the mass may be obtained from the first 
and second stress invariants, 
19« The variation in bulk and shear moduli throughout the mass may 
be taken into account in deflection computations by assuming the mass to 
consist of a multi-layered system, with the response of each layer charac­
terized by an average bulk arid shear modulus. 
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20o The pattern of Layers in the multi-layered system is not 
horizontal but is bulb-shaped reflecting the octahedral stress contourso 
21. The major portion of the surface deflection is the result 
of compression of the soil within a depth of about 2 diameters according 
to the theory used. 
22. The shear strength properties of the Chattahoochee sand are 
such that there exists a state of local failure at some points within the 
mass due to a uniformly distributed load acting over a circular area on 
the boundary0 
23o If a constant shear modulus is assigned to the zone of local 
failure, the effect is to linearize the load-deflection relationship0 
24 0 By the use of a surcharge on the boundary, the local failure 
condition can be eliminated and the resulting load-settlement relation­
ship is non-linear with an i icreasing slope, which truly represents the 
concept of introducing stres; dependent bulk and shear moduli in place 
of a constant Young's modulus and Poisson's ratio. 
25. The use of the concept in predicting the settlement of a 
foundation resting on or near the surface of a cohesionless soil requires 
the assigning of a shear modulus to the zone of local failure for which 
there is no experimental basis at present. 
26. The concept of separating the volumetric and shearing compo­
nents of the stress-strain behavior of a cohesionless soil is both sound 
and practical and it may be used to solve certain soil mechanics problems. 
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CHAPTER VIII 
CRITICAL APPRAISAL OF THE STUDY AND RECOMMENDATIONS 
FOR FURTHER STUDY 
This chapter is devoted to an appraisal of the investigation 
with the intent of pointing out the limitations, areas of weakness, and 
to make recommendations for further studyQ 
Appraisal of the Concept 
The concept which foims the basis for the study embraces two 
a ssertions: 
First, that a separation of the stress-strain relationship of a 
cohesionless soil into volurretric and deviatoric components might better 
portray the response of the soil in some soil mechanics problems, the 
solutions of which have the theory of elasticity as their basis. This 
constitutes the replacement of Young's modulus and Poisson's ratio by 
the bulk and shear moduli. 
Secondly, for cohesionless soilsP the moduli are not constant 
but are functions of the soil properties and the imposed stress system. 
This concept can be criticized in that it adds further complexity 
to the analysis of a material, the behavior of which may be so erratic as 
to preclude the use of any rational approacho However erraticalness is 
always measured relative to the method of analysis and hence if the 
method is inadequate, errati :alness must prevail. 
The concept can also oe criticized in that the use of two 
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independent constants, the bulk and shear moduli, is incongruous with the 
theory of elasticity which implies a unique relationship between the two 
for a homogeneous isotropic media» The assumption that the moduli are 
functions of the stress system changes the solution to that for a non-
homogeneous soil. However, by treating the soil as a multilayered system, 
with each layer characterized by an individual set of elastic parameters, 
and by assuming the law of superposition to be valid, permits the use of 
solutions based on the theory of elasticity^ 
In summary it may be said that the present method of applying the 
theory of elasticity to the solution of soil mechanics problems has proven 
to be inadequate in the solution of some of these problemso This serves 
as adequate justification for a search for improved methods0 
3ulk Modulus Study 
Experimental Investigation 
It is felt that more accurate methods might be employed in defin­
ing initial conditions,, Sin;e initial density was used as the basis of 
correlation, its accurate determination is essential to the analysiSc 
The end platens introduce some shearing stress in the sample and 
affect the volume change characteristics of the soil contained within the 
"coneo" Hence it would be preferable to use a device which does not have 
any rigid part in contact wirh the s o i l o 
The magnitude of volune change due to membrane penetration should 
be ascertained and taken into account if it is found to be significant.. 
Analytical Study 
The use of two straight line segments to define the octahedral 
145 
normal stress-bulk modulus relationship is a good approximation as evi­
denced by a comparison of the experimental stress-strain data and the 
relationship as given by the mathematical expression. It would be pref­
erable to develop a single CDntinuous relationshipo Moreover, there 
does not appear to be any ph/sical reason for the abrupt change in the 
rate of change of bulk moduljs with octahedral normal stress inherent in 
the analysis. 
Shear Modulus Study 
Experimental Investigation 
Some problems existed in defining initial conditions accurately. 
This applied particularly to the axial strain that occurred during the 
build up of the cell pressure It might be preferable to use optical 
methods or a micrometer dial gage directly in contact with the upper 
platen. 
The use of a load cell within the triaxial cell would eliminate 
any error resulting from indiced side friction acting on the piston. 
The scope of this investigation should be extended to include a 
greater number of initial dersities and to cover a wider range of octa­
hedral normal stresses, particularly very low octahedral normal stresses. 
For the low octahedral normal stresses an improved method of applying 
both the cell pressure and the axial load would be required. The investi­
gation would have to include a study of the effects of utilizing differ­
ent stress increments since very small increments would be used for low 
octahedral normal stresses0 
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Analytical Study 
The two parameter hyperbolic function would seem to be a good 
mathematical representation of the experimental octahedral stress-strain 
relationshipo One drawback lies in the establishment of the parameters 
at very low octahedral normal stresses0 It would be desirable to 
obtain single continuous mathematical expressions that would relate the 
parameters (initial shear modulus, and ultimate stress) to the relative 
density of the soil, and the octahedral normal stress. 
Lo.id-Deflection Study 
To illustrate the use of a variable bulk and shear modulus for 
characterizing the behavior of a cohesionless soil, the problem of the 
deflection under a uniformly distributed load acting over a circular 
area, provided a good example0 However it did present the problem of 
having to characterize the response of the soil when local failure occurred. 
Since this is a problem that does exist in practice, the need for a study 
dealing with this particular aspect is obvious0 
The concept should be extended to other forms of boundary pres­
sure distribution, particulaily full and partial parabolic, as well as 
to square and rectangular footings, to obtain a better facsimile of actual 
building foundations. 
The concept should also be extended to other sands and to other 
soil types. It may well be that it would provide the solution for set­
tlements, both instantaneous and time dependent, of foundations resting 
directly on clay deposits0 It is very likely that the problem of local 
failure would be non-existent in all but very soft clays0 
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The experimental study of the load-deflection of a rigid plate rest­
ing on the surface presented some difficulties that were not originally 
anticipatedo The primary drawback was the condition of local failure. It 
should be noted that a similar problem would have existed if a truly uni­
form pressure distribution CDuld have been achievedo The use of surcharge, 
only minimizes the problem of local failure but does not completely elimi­
nate ito 
The assignment of a shear modulus to the zone of local failure can 
only serve to approximate load-deflection dataQ The reliability and accu­
racy should increase where there is a surcharge effecto 
A comprehensive study of the local failure condition should lead 
to an improved method of predicting load-settlement data for the case of 
cohesionless soils. 
The following is a summary of recommendations for further study. 
I. Further investigation on the relationship between the bulk 
and shear moduli of cohesionless soils and the properties of the soil and 
the imposed stress system. 
2 0 An extension of the above study to include other cohesionless 
and cohesive soils. 
3. A study to characterize the behavior of a cohesionless soil 
when localized failure conditions prevail. 
4 0 The application of the concept to the prediction of settle­
ments of foundations exhibiting pressure distributions other than uniform, 
and having configurations othsr than circular. 
5o The use of a stress distribution theory other than the 




Table 2 . Summary of Isotropic Compression Test Data 
Series No i 
Test No. 2 4 3 7 2 6 38 4 9 
0 O (lb/in2) 
1 . 0 3 i.o:> 1 . 0 2 1 . 0 1 1,02 
e n £ t e 
0 . 5 . 0 0 0 0 . 0 0 0 0 , 0 0 0 0 o O O O O . 0 0 0 0 
0 . 9 . 0 0 1 4 . 0 0 0 ' , 0 0 0 5 . 0 0 0 7 . 0 0 0 7 
1 . 3 . 0 0 2 7 . 0 0 1 ' ) . 0 0 2 0 . 0 0 2 1 o 0 0 2 0 
2 , 0 . 0 0 4 7 . 0 0 4 0 O 0 0 3 9 „ 0 0 4 2 O 0 0 3 8 
3 . 0 . 0 0 7 5 . 0 0 6 0 o 0 0 5 7 O 0 0 7 2 o 0 0 5 7 
5 . 0 . 0 1 1 9 .oio<> o O l l l o 0 1 2 2 o 0 0 9 7 
7 . 5 . 0 1 4 ] , . 0 1 3 2 . 0 1 5 2 o 0 1 3 1 
1 0 . 0 . 0 2 1 1 Ooi7r 0OI68 0OI8O . 0 1 7 1 
1 5 . 0 o 0 2 l < » o 0 2 1 1 O 0 2 3 0 O 0 2 l 9 
2 0 . 0 O 0 2 5 6 . 0 2 5 5 . 0 2 4 3 . 0 2 6 2 . 0 2 5 4 
2 5 . 0 . 0 2 8 2 o 0 2 7 « ' O 0 2 7 3 O 0 2 9 3 o 0 2 7 4 
3 0 o 0 o 0 3 0 7 O 0 3 0 2 . 0 2 9 4 . 0 3 2 0 o 0 2 9 3 
4 0 . 0 O 0 3 4 6 O 0 3 5 ( o 0 3 3 5 O 0 3 6 2 O 0 3 3 8 
5 0 . 0 . 0 3 8 2 . 0 3 8 5 . 0 3 7 1 O 0 3 9 8 o 0 3 7 0 
6 0 o 0 . 0 4 0 8 . 0 4 0 * . 0 4 0 0 O 0 4 2 8 . 0 3 9 8 
7 0 . 0 . 0 4 3 3 . 0 4 3 8 O 0 4 2 8 0 4 2 8 . 0 4 2 5 
8 0 . 0 O 0 4 5 3 O 0 4 6 5 O 0 4 5 3 . 0 4 8 1 O 0 4 4 4 
9 0 . 0 O 0 4 8 4 . 0 4 8 4 . 0 4 7 6 o O 5 0 9 , 0 4 6 9 
1 0 0 . 0 , 0 5 0 3 . 0 5 0 0 . 0 5 3 0 O 0 4 9 2 
Series N©0 2 
Test No. 2 5 3 1 3 2 5 8 5 9 
«o 0 . 9 8 0 o 9 7 0 o 9 6 0 . 9 5 0 . 9 6 
do (lb/In2) £ e e e r* 
0 . 5 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 o O O O O 
0 . 9 . 0 0 0 5 o 0 0 0 7 . 0 0 0 5 o 0 0 0 7 o O O O ? 
1 . 3 . 0 0 1 2 . 0 0 1 4 o 0 0 1 6 . 0 0 1 4 . 0 0 1 5 
2 o 0 O 0 0 2 6 O 0 0 2 8 . 0 0 3 1 O0O3O . 0 0 3 4 
3 . 0 O 0 0 3 5 o 0 0 5 0 o 0 0 6 4 . 0 0 4 9 . 0 0 5 6 
5 . 0 . 0 0 5 3 o 0 0 7 7 o 0 0 9 3 . 0 0 9 3 . 0 0 9 4 
7 0 5 O 0 0 8 3 . 0 1 1 0 . 0 1 2 4 O 0 l 2 3 . 0 1 3 0 
1 0 . 0 . 0 1 1 4 . 0 1 3 9 o 0 1 5 0 . 0 1 6 2 . 0 1 6 4 
1 5 , 0 o 0 1 5 4 O 0 l 7 8 o 0 l 9 l . 0 2 0 0 . 0 2 0 9 
2 0 0 0 o 0 ! 8 4 o 0 2 0 4 O 0 2 2 2 O 0 2 3 2 . 0 2 4 3 
2 5 . 0 . 0 2 0 9 O 0 2 3 l O 0 2 4 6 O 0 2 6 0 . 0 2 6 8 
3 0 . 0 . 0 2 3 0 O 0 2 5 0 O 0 2 7 0 O 0 2 8 3 . 0 2 8 5 
4 0 . 0 . 0 2 7 2 O 0 2 9 6 O 0 3 l 3 O 0 3 2 7 . 0 3 3 0 
5 0 0 0 O 0 3 0 2 O 0 3 2 7 O 0 3 4 6 O 0 3 6 l . 0 3 4 9 
6 0 . 0 . 0 3 3 0 o 0 3 5 5 o 0 3 7 9 O 0 3 8 9 . 0 3 7 8 
7 0 . 0 O 0 3 5 8 o 0 3 7 9 o 0 4 0 l o 0 4 l 5 . 0 4 0 2 
8 0 . 0 O 0 3 8 4 . 0 4 0 0 . 0 4 3 1 O 0 4 4 5 . 0 4 2 2 
9 0 . 0 O 0 4 l 9 o 0 4 5 6 . 0 4 6 1 . 0 4 5 1 
1 0 0 . 0 . 0 4 3 8 . 0 4 7 2 O 0 4 8 2 . 0 4 6 0 
150 
t a b l e 2 . ( c o n t i n u e d ) 
S e r i e s No. 3 
T e s t No . 28 34 4 0 4 4 6 0 
e o 
d o ( l b / i n 2 ) 
0 . 9 3 0 . 9 1 0 . 9 3 0 . 9 2 0 . 9 0 
e e e € e 
0 . 5 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 
0 . 9 . 0 0 0 5 . 0 0 0 5 . 0 0 0 7 . 0 0 0 5 . 0 0 0 5 
1 . 3 . 0 0 1 0 , 0 0 1 2 . 0 0 1 4 . 0 0 1 2 . 0 0 1 3 
2 . 0 . 0 0 2 1 . 0 0 2 2 . 0 0 2 9 . 0 0 2 1 . 0 0 2 4 
3 . 0 . 0 0 3 7 , 0 0 3 9 . 0 0 4 2 . 0 0 3 5 . 0 0 3 0 
5 . 0 . 0 0 5 9 , 0 0 6 0 . 0 0 7 6 . 0 0 6 2 . 0 0 6 2 
7 . 5 . 0 0 8 4 , 0 0 8 1 , 0 1 0 3 . 0 0 8 5 
1 0 . 0 • 0 1 0 5 , 0 1 0 3 . 0 1 2 7 . 0 1 0 7 . 0 1 1 4 
1 5 . 0 . 0 1 3 7 , 0 1 3 2 . 0 1 5 7 . 0 1 4 0 . 0 1 5 0 
2 0 . 0 . 0 1 6 2 , 0 1 5 6 . 0 1 8 3 . 0 1 6 4 . 0 1 7 3 
2 5 . 0 • 0 1 8 1 , 0 1 7 5 . 0 2 0 0 . 0 1 8 5 . 0 1 9 7 
3 0 . 0 . 0 1 9 9 , 0 1 9 4 . 0 2 1 3 . 0 2 0 6 . 0 2 1 9 
4 0 . 0 . 0 2 3 1 0 2 2 6 . 0 2 4 4 . 0 2 3 9 . 0 2 5 6 
5 0 . 0 . 0 2 5 5 0 2 5 2 . 0 2 6 7 . 0 2 6 6 . 0 2 8 3 
6 0 . 0 . 0 2 7 9 0 2 7 6 . 0 2 9 1 . 0 2 9 2 . 0 3 0 6 
7 0 . 0 . 0 3 0 0 0 3 0 0 . 0 3 1 1 . 0 3 1 7 . 0 3 3 3 
8 0 . 0 . 0 3 1 9 , 0 3 1 7 . 0 3 3 3 . 0 3 3 9 . 0 3 5 9 
9 0 . 0 . 0 3 3 6 0 3 3 8 . 0 3 5 0 . 0 3 6 0 . 0 3 7 7 
1 0 0 . 0 . 0 3 5 3 0 3 5 3 . 0 3 6 7 . 0 3 7 7 . 0 3 9 4 
S e r i e s No . 4 
t e s t N o . 33 4 3 53 54 61 
e 0 0 . 8 8 0 . 8 8 0 . 8 7 0 . 8 9 0 . 8 8 
d o ( l b / i n 2 ) £ s e 
0 . 5 . 0 0 0 0 , 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 
0 . 9 . 0 0 0 3 . 0 0 0 5 . 0 0 0 5 . 0 0 0 5 . 0 0 0 5 
1 . 3 . 0 0 1 0 . 0 0 1 0 . 0 0 1 5 . 0 0 1 0 . 0 0 1 4 
2 . 0 . 0 0 1 8 . 0 0 1 7 , 0 0 2 7 . 0 0 2 0 . 0 0 3 1 
3 . 0 . 0 0 2 7 , 0 0 2 7 . 0 0 4 0 . 0 0 3 4 . 0 0 5 1 
5 . 0 . 0 0 4 5 . 0 0 4 3 . 0 0 6 9 . 0 0 5 6 . 0 0 7 5 
7 . 5 . 0 0 6 3 . 0 0 6 0 . 0 0 8 7 . 0 0 8 2 . 0 1 0 2 
1 0 . 0 . 0 0 8 3 . 0 0 7 8 . 0 1 1 2 . 0 1 1 2 . 0 1 2 6 
1 5 . 0 . 0 1 0 8 . 0 0 9 8 . 0 1 4 2 . 0 1 4 2 . 0 1 5 5 
2 0 . 0 . 0 1 2 6 . 0 1 1 6 . 0 1 6 5 . 0 1 6 9 . 0 1 8 2 
2 5 , 0 . 0 1 4 3 . 0 1 3 0 . 0 1 8 9 . 0 1 8 8 . 0 1 9 8 
3 0 . 0 . 0 1 5 8 . 0 1 4 5 . 0 2 0 9 . 0 2 1 0 . 0 2 1 6 
4 0 . 0 . 0 1 8 6 . 0 1 6 8 . 0 2 4 1 . 0 2 4 6 . 0 2 5 0 
5 0 . 0 , 2 0 8 . 0 1 8 8 . 0 2 6 7 . 0 2 7 2 . 0 2 7 6 
6 0 . 0 . 0 2 2 8 . 0 2 0 4 . 0 2 9 2 . 0 2 9 5 . 0 2 9 8 
7 0 . 0 . 0 2 4 5 . 0 2 2 1 . 0 3 1 1 . 0 3 1 8 . 0 3 2 0 
8 0 . 0 . 0 2 6 3 . 0236 . 0 3 3 6 . 0 3 4 3 . 0 3 4 1 
9 0 . 0 . 0 2 7 8 0 D 2 4 9 . 0 3 5 4 . 0 3 5 9 . 0 3 5 9 
1 0 0 . 0 . 0 2 9 4 . 0 2 6 2 . 0 3 7 3 . 0 3 7 4 . 0 3 7 1 
151 
T a b l e 2 . ( c o n t i n u e d ) 
S e r i e s No. 5 
T e s t N o . 2 0 2 7 2 1 4 5 4 8 
e o 0 0 . 8 0 0 . 8 1 0 . 8 2 0 . 8 1 0 . 8 2 
<*o ( l b / i n z > - £ £ £ e 
0 . 5 . 0 0 0 0 , 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 
0 . 9 . 0 0 0 3 , 0 0 0 3 . 0 0 0 3 . 0 0 0 5 . 0 0 0 5 
1 . 3 . 0 0 0 7 , 0 0 0 7 . 0 0 0 7 . 0 0 1 0 . 0 0 1 0 
2 . 0 . 0 0 1 2 , 0 0 1 4 . 0 0 1 3 . 0 0 1 7 . 0 0 1 6 
3 . 0 . 0 0 2 1 0 0 1 9 . 0 0 1 7 . 0 0 2 0 . 0 0 2 4 
5 . 0 . 0 0 3 6 0 0 3 8 . 0 0 3 5 . 0 0 3 8 . 0 0 3 6 
7 . 5 . 0 0 5 1 0 0 5 3 . 0 0 5 1 . 0 0 5 0 . 0 0 5 2 
1 0 . 0 . 0 0 6 6 0 0 6 8 . 0 0 6 6 . 0 0 6 6 . 0 0 6 7 
1 5 . 0 . 0 0 8 6 0 0 9 0 O 0 0 8 6 . 0 0 8 3 . 0 0 8 8 
2 0 . 0 . 0 1 0 5 , 0 1 0 7 . 0 1 0 3 . 0 0 9 8 . 0 1 0 4 
2 5 . 0 . 0 1 2 1 . 0 1 1 5 o O H O . 0 1 1 0 . 0 1 2 1 
3 0 . 0 . 0 1 3 5 , 0 1 3 5 o 0 1 3 3 . 0 1 2 4 . 0 1 3 5 
4 0 . 0 . 0 1 5 9 , 0 1 5 7 . 0 1 6 0 . 0 1 4 5 . 0 1 5 9 
5 0 . 0 . 0 1 7 9 . 0 1 7 7 0 O I 8 I . 0 1 6 2 . 0 1 8 0 
6 0 . 0 . 0 1 9 8 . 0 1 9 6 . 0 2 0 1 . 0 1 7 9 . 0 1 9 7 
7 0 . 0 . 0 2 1 7 c 0 2 1 1 o 0 2 1 6 o 0 l 9 0 . 0 2 1 5 
8 0 . 0 . 0 2 3 8 c 0 2 2 7 . 0 2 3 2 . 0 2 0 2 . 0 2 3 0 
9 0 . 0 . 0 2 5 2 . 0 2 4 4 o 0 2 4 6 . 0 2 1 4 . 0 2 4 6 
1 0 0 . 0 0 . 2 6 6 . 0 2 5 6 . 0 2 6 0 . £ 2 2 5 . 0 2 6 0 
S e r i e s N o . 6 
T e s t No . 1 5 5 5 5 6 5 7 6 2 
0 . 7 9 0 . 7 8 0 . 7 7 0 . 7 6 0 . 7 7 
°o ( l b / i n 2 ) 
e £ £ £ 
0 . 5 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 
0 . 9 . 0 0 0 3 . 0 0 0 5 . 0 0 0 5 . 0 0 0 7 . 0 0 0 3 
1 . 3 . 0 0 0 7 . 0 0 0 8 . 0 0 1 0 . 0 0 1 4 . 0 0 0 7 
2 . 0 . 0 0 1 0 . 0 0 1 3 o 0 0 1 5 . 0 0 2 0 . 0 0 1 2 
3 . 0 . 0 0 1 8 . 0 0 1 7 . 0 0 2 3 . 0 0 3 2 . 0 0 1 5 
5 . 0 . 0 0 3 0 . 0 0 3 2 . 0 0 3 1 . 0 0 4 4 . 0 0 3 1 
7 . 5 . 0 0 4 0 . 0 0 4 2 . 0 0 4 1 . 0 0 5 8 . 0 0 4 1 
1 0 . 0 . 0 0 5 1 . 0 0 5 4 . 0 0 5 7 . 0 0 7 5 . 0 0 5 1 
1 5 . 0 . 0 0 6 7 O 0 0 6 9 . 0 0 7 5 . 0 0 9 3 . 0 0 6 5 
2 0 . 0 . 0 0 8 2 . 0 0 8 2 . 0 0 9 1 . 0 1 0 7 . 0 0 7 9 
2 5 . 0 . 0 0 9 4 . 0 0 9 4 . 0 1 0 3 . 0 1 1 9 . 0 0 9 1 
3 0 . 0 . 0 1 0 8 . 0 1 0 4 . 0 1 1 6 . 0 1 3 1 . 0 0 9 9 
4 0 . 0 . 0 1 2 6 . 5 1 2 3 . 0 1 3 4 . 0 1 4 5 . 0 1 2 0 
5 0 , 0 . 0 1 4 1 . 0 1 3 8 o 0 l 4 8 . 0 1 6 5 . 0 1 3 5 
6 0 . 0 . 0 1 5 8 . ) 1 5 1 o 0 1 6 3 . 0 1 7 8 . 0 1 4 7 
7 0 . 0 . 0 1 7 4 . ' H 6 3 . 0 1 7 6 . 0 1 9 0 . 0 1 6 2 
8 0 . 0 . 0 1 8 6 . 0 1 7 7 O 0 l 8 9 . 0 2 0 2 . 0 1 7 4 
9 0 . 0 . 0 2 0 0 J ) 1 8 8 . 0 1 9 9 . 0 2 1 2 . 0 1 8 6 
1 0 0 . 0 . 0 2 . 0 o ) 2 0 0 . 0 2 0 9 . 0 2 2 0 . 0 1 9 5 
152 
T a b l e 2. ( c o n t i n u e d ) 
S e r i e s No. 7 
T e s t No. 17 2 2 2 9 35 4 7 
« o 
<>o ( l b / i n 2 ) 
0 . 7 3 0 . 7 2 0 . 7 3 0 . 7 5 0 . 7 5 
£ £ £ £ £ 
0 . 5 . 0 0 0 0 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 
0 . 9 . 0 0 0 3 0 0 0 4 . 0 0 0 3 . 0 0 0 5 . 0 0 0 5 
1 . 3 . 0 0 0 7 0 0 0 7 . 0 0 0 9 . 0 0 1 0 . 0 0 1 0 
2 . 0 . 0 0 1 0 0 0 1 2 . 0 0 1 4 . 0 0 1 6 . 0 0 1 6 
3 . 0 . 0 0 1 6 . 0 0 2 0 . 0 0 1 6 . 0 0 2 1 . 0 0 2 3 
5 . 0 . 0 0 2 4 . 0 0 3 6 . 0 0 3 1 . 0 0 3 5 . 0 0 3 5 
7 . 5 . 0 0 3 4 . 0 0 4 6 . 0 0 4 0 . 0 0 4 9 . 0 0 4 5 
1 0 . 0 . 0 0 4 4 . 0 0 5 6 . 0 0 5 6 . 0 0 5 9 . 0 0 5 5 
1 5 . 0 . 0 0 5 8 . 0 0 7 2 . 0 0 6 9 . 0 0 7 5 . 0 0 6 8 
2 0 . 0 . 0 0 6 9 , 0 0 8 5 . 0 0 8 2 . 0 0 8 9 . 0 0 8 1 
2 5 . 0 . 0 0 8 1 , 0 0 9 6 , 0 0 9 2 . 0 1 0 1 . 0 0 9 1 
3 0 . 0 . 0 0 9 0 . 0 1 0 8 . 0 1 0 1 . 0 1 1 2 . 0 1 0 3 
4 0 . 0 . 0 1 0 7 . 0 1 2 6 . 0 1 1 8 . 0 1 2 9 . 0 1 2 0 
5 0 . 0 . 0 1 2 0 . 0 1 4 3 . 0 1 3 2 . 0 1 4 1 . 0 1 3 3 
6 0 . 0 . 0 1 3 4 . 0 1 5 7 . 0 1 4 6 . 0 1 5 3 . 0 1 4 6 
7 0 . 0 . 0 1 4 6 . 0 1 7 2 . 0 1 5 5 . 0 1 6 4 . 0 1 5 8 
8 0 . 0 . 0 1 5 6 . 0 1 8 2 . 0 1 5 6 . 0 1 7 4 . 0 1 6 9 
9 0 . 0 . 0 1 6 4 . 0 1 9 0 . 0 1 7 5 . 0 1 8 5 . 0 1 7 9 
1 0 0 . 0 . 0 1 7 0 . 0 1 9 8 . 0 1 8 4 . 0 1 9 3 . 0 1 8 8 
S e r i e s N o . 8 
T e s t No . 2 3 3 0 5 0 52 63 
0 . 7 0 0 . 7 1 0 . 7 0 0 . 6 9 0 . 7 1 
d o ( l b / i n 2 ) £ £ £ £ £ 
0 . 5 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 
0 . 9 . 0 0 0 4 . 0 0 0 5 . 0 0 0 3 . 0 0 0 5 . 0 0 0 3 
1 . 3 . 0 0 0 7 . 9 0 0 9 . 0 0 0 6 . 0 0 0 8 . 0 0 0 7 
2 . 0 . 0 0 1 1 • 0014 . 0 0 1 1 . 0 0 1 3 . 0 0 1 7 
3 . 0 . 0 0 1 4 . 5 0 1 9 ,001^ . 0 0 1 6 . 0 0 1 7 5 . 0 . 0 0 2 9 . 3032 .0029 . 0 0 2 8 . 0 0 2 7 7 . 5 . 0 0 3 9 . ) 0 4 1 . 0 0 3 4 . 0 0 3 6 . 0 0 3 5 
1 0 . 0 . 0 0 4 8 . >049 . 0 0 4 6 . 0 0 4 8 . 0 0 4 7 
1 5 . 0 . 0 0 6 4 . 0 0 6 5 , 0 0 5 9 . 0 0 6 1 . 0 0 5 7 
2 0 . 0 . 0 0 7 7 . 0 0 7 8 . 0 0 6 9 . 0 0 7 3 . 0 0 6 7 
2 5 . 0 . 0 0 8 8 . 0 0 8 8 . 0 0 7 7 . 0 0 8 4 . 0 0 7 3 
3 0 . 0 . 0 0 9 8 . 0 0 9 7 . 0 0 8 7 . 0 0 9 4 . 0 0 8 0 
4 0 . 0 . 0 1 1 5 . 0 1 1 5 . 0 1 0 2 . 0 1 1 0 . 0 0 9 5 
5 0 . 0 . 0 1 2 9 . 0 1 2 7 . 0 1 1 5 . 0 1 2 4 . 0 1 0 5 
6 0 . 0 . 0 1 4 1 . 0 1 3 8 . 0 1 2 6 . 0 1 3 5 . 0 1 1 5 
7 0 . 0 . 0 1 5 4 .mus . 0 1 3 6 . 0 1 4 5 . 0 1 2 4 
8 0 . 0 . 0 1 6 4 .0159 . 0 1 4 7 . 0 1 5 5 . 0 1 3 2 
9 0 . 0 . 0 1 7 2 , (1168 . 0 1 5 9 . 0 1 6 5 . 0 1 4 0 
1 0 0 . 0 . 0 1 8 0 . 0 1 7 6 . 0 1 6 5 . 0 1 7 3 . 0 1 4 7 
laoie Oo nummary or lesx uai.a rrom uuiibtdiiL utLdneurdi inuxihcii o n e b b n i d A i c n oumpi es>b±uii icbtb 




































= 0.86 e = c = 0.89 e = c = 0.86 e = c = 0.78 e = c = 0.80 e = c = 0.78 e = c = 0.74 
T 
0 






O T o 
T 
O T o 
T 
O 
T o T O T o 
0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
2.8 .0002 2,8 ,0003 2.8 .0001 2.8 .0005 2.8 .0005 2.8 .0005 2 .8 .0005 
5.7 .0005 5.7 .0006 5.7 .0009 5.7 .0009 5.7 .0010 5.6 .0009 5.6 .0007 
8.5 .0009 8o5 .0010 8c5 .0012 8.5 .0011 8.5 .0014 8.5 .0013 8.5 .0012 
11.3 ,0013 11.3 .0019 l l o3 .0020 11.3 .0016 11.3 .0018 11.3 .0018 11.3 .0016 
14.1 .0019 14.1 ,0025 14 0 2 .0026 14.1 .0022 14.1 ,0024 14,1 .0022 14.1 .0021 
17.0 .0026 16,9 .0039 17e0 .0039 17,0 .0026 17,0 .0030 17,0 .0028 17.0 .0025 
18o8 .0034 l9o8 .0049 I9c8 o0050 19.8 .0032 19,8 ,0038 19.8 .0032 19.8 .0029 
22,6 .0070 cUUbb 22.6 .0040 22,6 ,0049 22,6 .0039 22.6 .0035 
25,5 .0060 25,5 .0086 25.5 .0083 25.5 .0051 o 0058 25,4 O0048 25.5 .0042 
28.3 .0077 28,3 .0108 28.3 .0104 28.3 .0060 28.3 .0068 28.3 .0038 28.3 .0051 
31.1 .0093 31.1 ,0140 31.1 .0132 31.1 cOOTO 31.1 .0078 31.1 .0068 31.1 .0059 
34.0 .0118 33.9 .0175 34,0 .0162 34.0 .0083 33.9 .0097 33,9 .0091 33.9 .0067 
36.8 .0144 36.7 .0218 36,8 .0200 36.8 .0095 36,7 .0110 36,8 .0096 36.8 .0089 
39c6 .0182 39,6 o 0267 39o6 ,0238 39o7 .0117 39,6 .0130 39,6 .0111 45 .8 .0094 
42c5 ,0223 42o5 . 0330 42.4 nono A O C 
o U 
r\ *» ~\ /• . UIOD 42.4 .0152 42.4 .0132 42.4 .0110 
45 .2 .0278 45.3 .0406 45 .2 .0376 45.3 .0165 45,3 .0185 45,3 .0153 45.3 .0132 
48.0 .0349 48.0 .0495 48.1 .0462 48.1 .0195 48.0 .0231 48,1 .0193 48.1 .0155 
50 .8 .0448 50.9 .0632 50.9 .0579 50.9 .0231 51.0 .0271 50.9 .0226 50.9 .0190 
53.7 .0593 53,7 .0832 53.7 .0740 53o7 ,0279 53.7 .0335 53o 8 .0271 53.8 .0230 
56.9 .0827 57 0 6 .1084 56.6 .0986 56.6 .0346 56,5 .0406 56.4 .0324 56,6 .0285 
59.7 .1182 58.8 .1503 59°4 .1356 59o6 .0423 59o4 .0510 59o4 .0402 19.4 .0340 
60.3 .2390 60.9 .1661 60.8 .0480 62,1 . 649 62,1 .0512 62 .2 .0452 
61.7 .2178 62.4 .0529 64,8 .0947 65.3 .0701 64.o .0640 
63.8 .0578 65,9 .1394 67,2 .0778 67.7 .0964 
64.6 .0706 68.0 .904 69.9 .1084 
66.7 ,0861 68.9 .1209 
68.0 .1121 
Notes Stresses expressed in lbs. per sq. in. 


































e = c = 0.74 e = c = 0.74 
e = 
c 
= 0.85 e = c = 0.85 e = c = 0.88 e -c = 0.78 
e = c = 0.79 
T 
0 
T o T 0 T o T 0 T o T 0 T o T 0 T o T 0 T o T 0 T o 
0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
2.8 .0005 2.8 .0005 2.8 .0004 2 .8 .0004 2.8 .0005 2,2 ,0005 2,2 .0004 
5.7 = 0010 5.6 .0007 5o7 .0008 5.6 ,0007 5 = 7 . 0009 5.0 .0006 5,0 ,0008 
8.5 .0014 8.5 .0012 8.5 .0012 8.5 .0013 8.5 ,0013 7.9 .0011 7.9 = 0011 
11.3 o 0 0 l 9 11.3 .0016 11.3 .0018 11.3 .0020 11.3 .0021 10,7 ,0018 10,7 = 0018 14.1 n n 2 3 I 4.1 1 A 1 •y A ^ J. ~r o *L 14.1 . 0031 1J 01> = UU^4 13.6 o0023 
17.0 .0028 17.0 .0025 17 o 0 .0038 17.0 .0038 17=0 = 0045 16.4 16.4 .0029 
19*8 o0032 19.8 .0029 19.8 .0052 19.8 .0057 19.8 .0061 19.3 ,0042 19.3 o0038 
22o6 .0036 22.6 .0035 22.6 = 0070 22 o 6 = 0075 22.7 ,0080 22.1 .0054 22.1 ,0048 
25.4 .0042 25.4 .0042 25.4 .0101 25.4 .0102 25 = 5 o0114 25.0 .0066 25.0 .0065 
28.3 ,0048 28.3 .0051 28.3 .0129 28.3 .0137 28.3 .0147 27,8 .0082 27 0 8 c0083 
31.1 .0057 31.1 .0059 31.2 .0171 31.1 .0177 31.1 .0184 30.6 .0106 30,7 ,0107 
33.9 .0066 33.9 .0067 33.9 .0227 33 s 9 = 0238 33c, 9 .0249 00 «=, .0130 33.5 
36.7 .0076 36.8 .0080 36.9 .0301 36.7 c0312 36.8 .0328 36.2 .0179 36.3 .0172 
39.6 .0087 45,8 .0094 39.5 .0391 39.6 .0426 39.5 .0428 39.3 .0214 39.1 .0221 
42.3 .0106 42.4 .0110 42.3 .0550 42,4 = 0597 42.3 . 0606 42.0 .0281 42.1 ,0296 
45.3 .0121 45.3 .0132 43.9 .0610 44.0 .0684 43.8 .0684 43.5 .0313 43.6 ,0326 
48.1 .0142 48.1 .0155 45.2 .0711 45.3 .0776 45.1 .0819 45.0 .0347 44.9 .0379 
50.9 .0164 50.9 .0190 46.5 .0882 46.6 .0887 46.6 .1042 46.3 .0403 46.4 .0420 
53.7 .0202 53.8 .0230 48.0 .1160 47.6 = 1209 48.0 .1312 47.8 .0477 47,8 .0469 
56.5 .0245 56.6 .0285 49.4 .1488 49 .0 .1756 49.1 .1684 49.2 ,0556 48.8 .0604 
59o4 .0298 59.4 .0340 51 .2 .2099 50.5 .0667 51.0 .0713 
62.3 .0398 62.2 .0452 52,0 .0888 
65.2 .0525 64.9 .0640 
66.8 .0576 67.7 .0964 
68.0 .0626 69o9 .1084 
69.0 .0785 
70 .8 .1135 Note: Stresses exp ressed in lbs. per sq. in. 
Table 5. (Continued) 
Cl = 
0 = 80 d = 0 
= 80 d = 0 = 80 d = 0 
= 60 d = 
0 
= 60 do = = 60 d o = = 60 
Test No. 52 Test No. 20 Test No. 21 Test No. 32 Test No. 33 Test No. 34 Test No. 29 
e 
c 
= 0.77 e = c = 0.71 e = c = 0.70 e = c = 0.89 e = c = 0.89 e = c •- 0.88 e = c = 0.83 
T 
0 
r o T 0 r o T 0 r o T 0 T o T 0 r o T 0 T o T 0 Y o 
0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 = 0000 0.0 .0000 
2o8 .0004 2.2 .0004 2 .2 .0004 2.8 .0004 2.8 = 0004 2,8 = 0004 2=8 = 0004 
5.6 .0008 5.0 .0007 5.1 .0008 5.7 .0010 5.7 = 0010 5 = 7 .0010 5.7 .0008 
8.5 .0012 7.9 .0010 7.9 .0013 8.5 .0017 10.6 .0023 8,5 = 0019 8.5 = 0014 
l l o 3 .0018 10.7 .0012 10.7 .0015 11,3 .0032 11.3 = 0037 11,3 = 0032 11.3 ,0022 
14=1 .0024 13.6 .0016 13.6 .0019 14.1 .0049 14.1 .0060 14=1 = 0054 14.1 = 0033 
17 . 0 .0032 16.4 .0019 16.5 .0021 17,0 .0076 17=0 .0089 17 = 0 = 0083 17.0 .on^sn 
18.2 .0037 1 9 . v3 . UUZ2 19.3 .0025 19,8 .0111 19.8 .0129 19.8 .0117 19.8 .0065 
22. 7 = 0048 22.1 .0025 22.1 .0031 22.6 = 0161 22 = 6 .0183 22.6 ,0161 22.6 = 0094 
25.5 .0063 25.0 .0037 25 o 0 .0037 25.4 .0235 25 = 4 .0247 25 = 4 ,0239 25.4 ,0130 
28.3 .0078 27.8 .0048 27.8 .0044 28.2 .0345 28.2 = 0345 28=2 .0348 28.3 .0186 
31.1 .0097 30.7 .0061 30.6 .0053 29.7 .0415 29.8 .0405 29.7 .0393 29.7 ,020 
34 = 0 .0122 33.6 ,0077 33.5 .0064 31.1 .0503 31 = 1 = 0489 31.0 .0489 31 = 1 = 0243 
36.3 c0157 36.4 .0102 36.3 .0076 32 = 5 .0603 33.3 .0591 32.6 = 0596 32.5 = 0305 
.0193 39.2 o0129 39.0 .0092 33=8 .0797 33 .9 = 0767 33.9 .0747 33.9 .0373 
42.3 .0245 42.0 .0166 42.0 .0120 35.3 .1083 35.6 .0957 35.2 = 1051 35.3 ,0473 
43 .8 .0273 43.5 .0192 43 .5 .0137 36.7 = 0736 36=7 = 0736 36.7 = 0736 36.7 c0612 
45 .2 .0306 45.0 .0219 44.9 .0156 38.1 .0851 
46 .7 .0368 46.3 .0251 46.4 .0180 39.2 .0763 
48 .3 .0417 47.7 .0297 47.8 .0204 
49 .5 .0479 49.2 .0348 49 .2 .0240 
51.0 .0559 50.8 .0402 50.5 .0290 
52.1 .0695 51.9 ,0503 52 .2 .0358 
53.6 .0970 53.3 .0662 53.6 .0488 
Note: Stresses expressed in lbs. per sq. in. 




































e = c = 0.83 e = c = 0.83 e = c = 0.76 e c 
= 0.78 e = c = 0.76 e = c = 0.71 e = c = 0.72 
T 
0 
r o T 0 T o 
T 
0 
Y o T 0 T o 
T 
O 




0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
2 .8 .0004 2.8 .0005 2 .8 .0004 2.4 .0004 2.5 .0003 2.8 .0004 2.8 .0004 
5,7 .0010 5.7 .0009 5.2 .0008 5.3 .0008 5.2 .0006 5.6 .0009 5.7 .0006 
8.5 ,0017 8.5 .0015 8.1 .0012 8.1 .0014 8.1 .0011 8.5 .0013 8,5 .0010 
11,3 .0026 11.3 - 0026 l n.c . nm 7 in o nnoo 1 n n nni c J.X O r\r\ l t O W W J. / 
^ T ^ 
A A 9 o o W ±-t 
14.1 .0040 14.1 .0036 13,7 .0026 13.8 .0030 13.8 .0024 14.1 .0023 14„1 ,0018 
17,0 .0061 17.0 .0054 16.6 .0033 16.6 o 0040 16.6 .0034 17.0 .0028 17.0 .0024 
I9c8 .0082 19,8 .0079 19°5 .0046 19.4 .0057 19.5 .0047 1 ° , 8 .0039 19*8 .0035 
22,6 .0124 22.7 .0111 22.3 .0062 22.3 .0078 22.3 .0067 22.6 .0055 22.6 o 004c 
25,4 .0166 25.2 .0150 25.2 .0082 25.2 .0106 25.2 .0091 25.4 .0073 25,5 .0067 
28.3 ,0234 28.3 .0209 27o6 .0113 28.0 ,0152 28.0 ,0123 28.2 .0103 28.2 .0093 
29.7 .0272 2c07 .0241 31.0 .0157 29 o 4 .0168 29c5 ,0151 2o 07 .0118 29 0 7 ,0109 
31.1 .0331 31.1 ,0302 33o6 ,0221 30.8 ,0203 31.0 .0178 31.1 .0139 31.1 ,0126 
32.5 .0387 32.5 . 0349 36.4 .0329 32.3 .0252 32.4 .0209 32.5 .0170 32.6 .0158 
33,9 .0472 33.8 .0465 39o0 .0543 33,7 .0312 33.6 ,0261 33.9 .0212 33.9 .0188 
35.4 .0612 35.5 .0546 41.7 .0970 35.2 .0396 35,1 .0318 35.3 .0262 35.3 .0228 
36.9 .0765 36.7 O0736 36.7 .0467 36.6 ,0393 36.8 .0318 36.7 .0313 
38.1 .1023 38.0 .1044 38.0 .0584 37.8 .0474 38.1 . 0399 38.3 .0380 
39 ,2 .1500 38.1 .1891 41.1 .1018 41.0 .0815 41.1 .0765 41.1 .0659 
Note: Stresses expressed in lbs. per sq, in. 
Table 5. (Continued) 
O" = 
0 : 60 d = 0 
: 40 d = 
0 
= 40 d = 0 = 40 d = 0 
: 40 d = 0 = 40 d = 0 
= 40 
Test No. 28 Test No. 35 Test No. 36 Test No. 37 Test No. 1 Test No. 9 Test No. 10 
e = c • 0.69 e = c = 0.89 e = c = 0.87 e = c = 0.91 e = c = 0.85 e = c = 0.82 e = c = 0.83 
T 
0 
Y o T 0 T o 
T 
0 
r o T 0 Y o 
T 
0 




0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
2 .8 .0004 1.4 .0004 1.4 .0005 1.4 .0005 1.1 .0005 1.2 .0005 1.4 .0005 
5.7 .0008 2.8 .0008 2.8 .0011 2,8 . OOOQ 2.5 .0008 2.6 .0009 2 .8 .0010 
8.5 .0012 4 .2 o0012 4 .2 .0015 4 .2 .0013 4 .0 .0011 4 .0 .0013 4 . 9 
l 1 3 0019 . 1 Z> . 7 .0021 D. / .0017 5.4 .0014 5.4 .0015 5.7 .0018 
14.1 .0024 7.1 .0025 7,1 .0026 7.1 .0024 6.9 .0018 6.8 .0018 7.1 .0024 
17.0 .0033 8.5 .0037 8.5 .0036 8.5 .0032 8.3 .0026 8.3 .0024 8.5 .0032 
19.8 .0045 9.9 .0054 9. 9 .0048 9. 9 .0046 9.7 .0035 9.7 .0031 9.9 .0038 
22.6 .0061 11.3 .0074 11.3 .0063 11.3 .0068 11.1 .0047 11.1 .0043 11.3 .0051 
25.4 .0079 12.7 .0097 12.7 .0086 12.7 .0114 14.0 .0085 12.6 .0057 12.7 .0064 
28.3 .0099 14.1 .0120 14.1 .0113 14.1 .0109 16.8 .0147 14.0 .0076 14.1 .0084 
29 o 7 .0130 15.5 .0157 15.6 .0149 1 C R I J o J .0145 19.6 .0263 15.4 o0102 15.5 .0108 
31.1 .0152 17.0 .0201 17,0 .0192 16.9 .0195 22.2 o0480 16.8 .0124 17.0 .0142 
32.5 .0179 18.4 .0245 18.4 .0257 18.4 .0253 24.3 .1108 18.1 .0181 18.4 .0183 
33.9 .0208 20.9 .0451 19.8 .0337 19.7 .0355 19.6 .0258 19.8 .0241 
35.3 .0260 21.6 .0560 21.2 . 0459 21.3 .0427 21.1 .0358 21.2 .0335 
36.8 .0317 22.8 .0770 22.6 .0620 22.5 .0721 22.5 .0475 22.7 .0424 
38.2 .0392 23.9 .1141 23.9 .0919 23.9 .1043 23.9 .0684 23.9 .0604 
39.6 .0503 25.0 .1820 25.1 .1442 25.4 .0941 25.4 .0881 
41.1 .0668 26.6 .1314 27.1 ,1160 
Note: Stresses expressed in lbs. per sq. in. 
Table 5. (Continued) 
d = = 40 d = : 40 d = : 40 d = : 40 (i = = 20 d = = 20 d = = 20 
0 0 0 0 0 0 0 Test No. 39 Test No. 40 Test No. 78 Test No. 79 Test No. 46 Test No. 47 Test No. 48 
e = 0.78 e = = 0,76 e = = 0,71 e = : 0.73 e = = 0.92 e = 0.96 e = = 0.92 c c c c c c c 
X X Y„ X Y X Y X Y X Y X Y 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0.0 .0000 0.0 ,0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
2.8 .0005 2.8 .0005 1,4 .0002 1.4 .0002 1.4 .0005 1,4 ,0005 1.4 .0005 
5.6 .0009 5,7 . 0009 2 ,8 .0003 2.8 .0004 2.8 .0014 2.8 .0009 2 .8 .0011 
PL'S .nni a 8, 5 . 0015 A O A r\ —rot. o uvuu •to 2 o 0029 4 .2 . 0017 4 . Z 
o c c .0020 9.9 .0017 5,7 .0007 5.7 . 0009 5.7 ,0058 5,7 .0031 5.7 . 0042 
11.3 .0025 11.3 .0021 7,1 .0009 7.1 .0010 7,1 .0097 7.1 .0059 7.1 .0073 
12.7 .0029 12.7 .0026 8.4 .0013 8.5 .0013 8.5 .0172 8.5 .0107 8,5 .0101 
14ol ,0037 14.1 .0033 9° 9 .0015 o„ 9 .0018 9.2 .0232 9.2 .0152 9. 2 .0201 
15.6 .0046 15.6 .0040 11 . 3 .0017 11.3 .0020 9.9 .0316 9.9 .0211 9.9 .0239 
17c0 .0056 17.0 .0048 12,7 .0021 12,7 .0025 10,6 .0420 10.6 .0284 10,6 .0339 
18.4 .0069 18.4 .0061 14.1 .0025 1 4 . 1 .0029 11.2 ,0645 11.2 = 0523 11.2 .0518 
19.8 .0088 19.8 ,0075 15.5 .0029 15,6 .0034 12.0 .0932 12.2 .0640 12.0 ,0814 
21 0 2 .0114 21.2 .0098 17.0 .0037 17.0 .0040 12.7 .1455 12.3 .1529 12.4 .1592 
22.6 .0152 22.6 .0129 18.4 .0043 18.4 .0050 
24 o 0 .0202 24.0 .0174 19o8 ,0058 19.8 .0062 
25,4 .0298 25.5 .0256 21.2 .0072 21.2 , 0082 
26.9 .0437 26.9 .0379 22.6 .0092 22.7 .0109 
28o0 .0717 24.1 .0124 24,0 .0155 
25.5 .0169 25.4 .0224 
26.9 .0223 26.0 .0351 
28.1 .0379 28.3 .0559 
29o5 .0700 
Notes Stresses expressed in lbs. per sq. in. 
Table 5. (Continued) 
d '-0 = 20 d = 0 : 20 
d = 
0 
= 20 d = 
0 
= 20 d = 
0 
= 20 d = 0 = 20 d = 0 : 20 
Test No. 6 Test No. 11 Test No. 12 Test No. 42 Test No. 43 Test No. 44 Test No. 17 
e = c = 0.81 e c 
= 0.81 e = c -• 0.83 e = c = 0.76 e = c = 0.78 e = c = 0.77 e = c = 0.70 
T 
0 
Y o T 0 Y o 
T 
0 
Y o T 0 Y o 
% 
0 
Y o T 0 ro T 0 Y 1 0 
0.0 . 0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 oOOOO 
1.4 .0005 1.3 .0005 1.3 .0005 1.4 .0005 1.4 .0005 1.4 .0005 1.3 .0005 
2.8 .0010 2.8 .0011 2 .8 .0009 2.8 .0007 2.8 .0010 2.8 .0007 2.8 .0011 
4.2 ,0016 4-9 . ni l« A 2 0015 A O C\R\\ o A rs —r o £- r\ r\ s A 4.2 0 0012 4 0 2 .UUIO 
5.6 .0024 5o6 .0030 5.6 .0030 5.7 .0025 5.7 o 0021 5o7 .0017 5.6 .0023 
7o0 .0040 7.0 .0050 7.0 .0056 7.1 .0034 7 d .0030 7.1 .0024 7.0 .0029 
8.4 .0060 8.4 .0083 8.4 .0098 8.5 .0046 8.5 .0042 8c 5 .0031 8.5 .0041 
9.9 .0097 9.9 .0147 9.9 .0179 9.9 .0070 9.2 .0066 9.2 .0036 9.9 .0058 
11.3 .0173 11.3 .0272 11.3 .0032 11.3 .0119 9.9 .0090 9.9 .0043 11.3 .0096 
12.7 .0320 12.6 .0522 12.6 .0682 12.7 .0239 10.6 .0128 10.6 .0052 12.7 .0168 
13.8 .0941 13.4 .1854 14.0 .0597 lln3 o0l94 11.3 0 0072 14.1 .0324 

















Note: Stresses expressed in lbs. per sq. in< 
Table 5c (Continued) 
: 20 d = 0 • 10 o* = 0 
= 10 d = 
0 
= 10 d = 
0 
= 10 
* o = 
= 10 d = 
0 
= 10 
Test No. 18 Test No. 54 Test No. 55 Test No. 56 Test No, 57 Test No. 58 Test No. 59 
e = c = 0.73 e = c = 0.96 e = c = 0.94 e = c = 0.92 e = c = 0.82 e = c = 0.82 e = c •  0.83 
T 
0 
r o T 0 T o 
T 
0 
T o T 0 r o 
T 
0 r o 
T 
0 
T o T 0 r o 
0,0 ,0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 0,0 .0000 
1,3 .0005 0,7 .0003 0.7 .0005 0,7 .0003 0,7 .0005 0.7 .0005 0.7 .0005 
2o8 .0010 1.4 .0006 1.4 .0011 1.4 ,0007 1.4 .0014 1 .4 „OOOo 1 A nPiPin 
4 0 2 . UU14 Zc 1 .0013 2,1 .0019 2.1 .0016 2.1 .0021 2.1 .0014 2.1 .0012 
5o6 .0018 2.8 .0025 2,8 .0035 2.8 .0030 2.8 .0025 2,8 .0019 2.9 .0017 
7,0 .0024 3.5 .0046 3.5 .0064 3.5 .0052 3.5 ,0036 3,5 .0026 3.5 .0024 
8o5 ,0031 4.2 .0084 4.2 .0100 4.2 ,0087 4.2 ,0052 4,2 .0035 4 02 ,0035 
9c9 .0047 4.9 .014c 4.9 .0172 4,9 .0149 5,0 .0070 5.0 .0054 5.0 .0050 
11,3 ,0069 5,6 ,0308 5.7 .0280 5.6 .0294 5.7 .0103 5.7 ,0079 5.7 .0078 
12 .9 .0114 6,2 .0807 6.2 .0702 6,3 .0704 6.4 .0169 6.3 .0129 6.4 .0129 
14.1 .0246 6.6 .2087 /• s O o O .2234 6.6 .2115 7,4 .1230 7.1 .0237 7.1 .0275 15.1 .0802 7.7 .0625 
Notes Stresses expressed in lbs. per sq. in. 
Table 5. (Continued) 
d 
0 
= 10 d 
0 
= 10 d = 
0 
= 10 
Test No. 60 Test No. 61 Test No. 62 
e 
c 
= 0.76 e 
c 
= 0.76 e : c = 0.78 
T 
0 
r o T 0 T o 
T 
0 T o 
0.0 .0000 0.0 .0000 0.0 .0000 
0.7 .0005 0.7 .0005 0.7 .0005 
1 A J. 0 ~t o uOO / I .4 oOuiu 
2 d .0012 2.1 ,0012 2,1 .0012 
2.8 .0017 2.8 .0017 2.8 .0017 
3.5 .0022 3.5 .0019 3.5 .0019 
4 02 .0027 4.2 .0024 4,2 .0026 
5.0 . 0034 5.0 .0034 4.9 .0035 
5.7 .0044 5.7 .0049 5.7 .0048 
6.4 .0065 6.4 ,0070 6.4 
7.1 .0095 7.0 .0144 7.0 .0144 
7.8 .0458 7.8 .0530 
d 
0 
= 10 d 
0 
= 10 = 10 
Test No. 63 Test No. 64 Test No. 65 
e 
c 
= 0.75 e 
c 
= 0.72 e = c = 0.74 
T 
O r o 
T 
O 
r o T O T o 
0.0 .0000 0.0 .0000 0.0 .0000 
0.7 .0005 0.7 .0005 0.7 .0005 
1.4 .0015 1.4 .0007 1.4 .0010 
2.1 rim r 2,1 .0010 2.1 .0015 
2.8 ,0021 2,8 .0014 2.8 .0017 
3.5 .0026 3.5 .0017 3.5 .0023 
4.2 .0033 4.2 .0022 4.2 .0028 
4.9 .0043 5.0 .0026 5.0 .0033 
5.7 ,0057 5.7 .0033 5.7 .0045 
C A .0080 6.4 .0051 6.4 .0065 
7.1 .0155 7.1 .0086 7.0 .0134 





Notes Stresses expressed in lbs. per sqQ in. 
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Table 6 0 Sunmary of Plate Load Test Results 




p(lb/in ) w^in) w 2(in) w(average) 
1.0 0.003 0.005 0.004 
2.0 0.C14 0.019 0.016 
4 .3 0.C45 0.055 0.050 
5.4 0.C63 0.075 0.069 
6.5 0.C85 0.099 0.092 
7.7 0.108 0.121 0.115 
8.7 0.132 0.147 0.140 
9.9 0.154 0.172 0.163 
10.9 0.181 0.202 0.292 
14.5 0.275 0.303 0.289 
17.5 0.376 0.412 0.394 
19.3 0.424 0.463 0.444 
21.0 0.475 0.522 0.499 
22.7 0.531 0.583 0.557 
25.6 0.6i>9 0.731 0.695 
27.2 0.728 0.815 0.770 
28.8 0.751 0.854 0.807 
30.0 0.758 0.898 0.847 
31.0 0.830 0.938 0.883 
32.0 0.859 0.972 0.914 
34.0 0.937 1.072 1.004 
36.0 1.009 1.161 1.085 
38.0 1.1 39 1.309 1.224 
40.0 1.208 1.383 1.295 
42.0 1.339 1.526 1.432 
0.0 1.252 1.421 1.336 
49.0 1.747 2o028 1.887 






Table 6. (Continued) 
Load Test No. 2 I) = 0.31 r Plate Diam. = 17.5 in. 
p(lb/in2) f in) w 2(in) w(average) 
2.0 0.202 0.190 0.196 
3.0 0.'-18 0.400 0.409 
4.0 0.654 0.627 0.640 
5.0 0.C66 0.926 0.946 
6.0 1.2 32 1.165 1.198 
7.0 l.c35 1.435 1.485 
8.0 1.678 1.732 1.805 
9o0 2.223 2.042 2.132 
10.0 2.653 2,387 2 o520 
11 .0 2.699 2.606 2.753 
12.0 3.237 2.927 3.082 
13.0 3.713 3.385 3.549 
14.0 3.985 3.623 3.804 
15.0 4.337 4.003 4.180 
16.0 4.710 4.356 4.533 
18.0 5.437 5.109 5.283 
20.0 6.533 6.154 6.353 
Table 6 0 (Continued) 




p(lb/in ) w.(in) w 9(in) w(average) 
2.0 0.010 0.013 0.012 
4.0 0.C21 0.028 0.024 
6.0 0.C34 0.045 0.039 
8.0 0.C48 0.062 0.055 
10.0 0.C64 0.083 0.074 
12.0 0.C81 0.107 0.094 
14.0 0.101 0.132 0.116 
16.0 0.124 0.163 0.144 
18.0 0.143 0.192 0.167 
20.0 0.164 0.224 0.199 
22.0 0.193 0.264 0.233 
24 o0 0.220 0.313 0.266 
26.0 0.245 0.341 0.298 
28.0 0.275 0.389 0.337 
30.0 0.3D8 0.439 0.378 
32.0 0.342 0.501 0.426 
34.0 0.377 0.562 0.475 
36.0 0.4L8 0.630 0.524 
38.0 0.4!>9 0.702 0.581 
40.0 0.5D7 0.773 0.640 
42.0 0.576 0.857 0.716 
44.0 0.641 0.933 0.787 
46.0 1.0 31 1.196 1.113 
50.0 1.1L1 1.281 1.196 
54.0 1.346 1.616 1.481 
58.0 1.633 1.936 1.814 
62.0 2.2!)2 2.481 2.366 
66.0 3.009 3.061 3.035 
Table 7 0 Variations in Density of the Sand in the Test Pit 
Test Average % Within ± % Within ± 
No. Density (pcf) 2% of Average 5% of Average 
1 90 o6 45 96 
2 85,0 55 90 
3 o6.4 100 
APPENDIX II 
CALIBRATION CHARTS, DERIVATIONS 
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Derivation of the Equation for the Minor Principal Strain (e ) 
Considering the soil sample in a triaxial compression test imme­
diately after isotropic compression^ the cross-sectional area is given 
by 
V 
A = R £ c L c 
in which A C ? V c ? and L c are the values of area, volume, and 
length respectively. 
The cross-sectional area at any time during the test is given by 
A = 
V - AV c 
L - AL c 
where AV and nL denote reductions in volume and length respectively. 
Therefore. 
/ . - A = 
V - AV V c c 
c L - AL L c c 
or 
AA = f (d' d 2 ) c ' 















In accordance with th? sign convention for stresses for which the 
compressive stress is taken to be positive, a decrease in dimension is 
taken to be positive and an .ncrease in dimension is taken to be negative,, 
Therefore for a triax:.al compression test, the major principal 
strain is positive while the minor principal strain is negative,. 
100 
80 
0 100 200 300 400 500 600 
PISTON LOAD (lbs) 







0 5 10 15 20 25 
RAM LOAD (kips) 
Figure 60. Calibration Chart for Hydraulic Ram Used in Plate Load Tests. 
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